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Abstract A wide range of literature concerning classical asymptotic properties for linear models

with adaptive control is available, such as strong laws of large numbers or central limit theorems.

Unfortunately, in contrast with the situation without control, it appears to be impossible to find sharp

asymptotic or nonasymptotic properties such as large deviation principles or exponential inequalities.

Our purpose is to provide a first step towards that direction by proving a very simple exponential

inequality for the standard least squares estimator of the unknown parameter of Gaussian autoregressive

process in adaptive tracking.

Key words Adaptive tracking, autoregressive process, exponential inequalities, least squares, mar-

tingales.

1 Introduction

First of all, we recall the celebrated Hoeffding, Bennett and Bernstein exponential inequali-
ties for sums of bounded independent random variables. We refer the reader to [1], [2] and the
excellent survey of McDiarmid[3].

Theorem 1 (Hoeffding’s inequality) Let (Xn) be a sequence of independent random vari-
ables such that, for each 1 ≤ k ≤ n, ak ≤ Xk ≤ bk a.s. for some constants ak < bk. If
Sn = X1 + X2 + · · · + Xn, then for all x ≥ 0,

P(|Sn − E[Sn]| ≥ x) ≤ 2 exp
(
− 2x2∑n

k=1(bk − ak)2

)
. (1)

Theorem 2 (Bennett’s inequality) Let (Xn) be a sequence of independent square integrable
random variables such that, for each 1 ≤ k ≤ n, Xk ≤ c a.s. for some constant c > 0. If
Sn = X1 + X2 + · · · + Xn and Vn is the variance of Sn, then for all x ≥ 0,

P(Sn − E[Sn] ≥ x) ≤ exp
(
−Vn

c2
h

(
xc

Vn

))
, (2)

where h(x) = (1 + x) log(1 + x) − x.
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Theorem 3 (Bernstein’s inequality) Under the assumptions of Theorem 2, we have for all
x ≥ 0,

P(Sn − E[Sn] ≥ x) ≤ exp
(
− x2

2(Vn + xc
3 )

)
. (3)

Remark 1 One can observe that Bernstein’s inequality immediately follows from (2) as
for all x ≥ 0,

h(x) ≥ 3x2

2(3 + x)
.

Moreover, if Vn = σ2n with σ2 > 0 and x = o(n), then the upper bound in (3) behaves like
exp(− x2

2σ2n ) which coincides with the Gaussian upper bound since by the central limit theorem,

Sn − E[Sn]
σ
√

n

L−→ N (0, 1).

2 Exponential Inequalities for Martingales

We shall now focus our attention on exponential inequalities for martingales. Let (Mn) be
a locally square integrable real martingale adapted to a filtration F = (Fn) with initial value
M0 = 0. The predictable quadratic variation and the total quadratic variation of (Mn) are
respectively given by

〈M〉n =
n∑

k=1

E[∆M2
k |Fk−1] and [M ]n =

n∑
k=1

∆M2
k ,

where ∆Mn = Mn − Mn−1. Hoeffding’s inequality holds for bounded martingale difference
sequences by the so-called Azuma-Hoeffding’s inequality[4].

Theorem 4 (Azuma-Hoeffding’s inequality) Let (Mn) be a locally square integrable real
martingale such that, for each 1 ≤ k ≤ n, ak ≤ ∆Mk ≤ bk a.s. for some constants ak < bk.
Then, for all x ≥ 0,

P(|Mn| ≥ x) ≤ 2 exp
(
− 2x2∑n

k=1(bk − ak)2

)
. (4)

Another result which involves the predictable quadratic variation (〈M〉n) is the famous
Freedman’s inequality[5].

Theorem 5 (Freedman’s inequality) Let (Mn) be a locally square integrable real martingale
such that, for each 1 ≤ k ≤ n, ∆Mk ≤ c a.s. for some constant c > 0. Then, for all x, y > 0,

P(Mn ≥ x, 〈M〉n ≤ y) ≤ exp
(
− x2

2(y + cx)

)
. (5)

Over the last decade, extensive study has been made to establish exponential inequalities
for self-normalized martingales relaxing the boundedness assumption on the increments. The
most important advance is probably De la Peña’s contribution[6]. We shall say that a real
martingale (Mn) adapted to F = (Fn) is conditionally symmetric if, for all n ≥ 1, the conditional
distribution of ∆Mn given Fn−1 is symmetric.

Theorem 6 (De la Peña’s inequality) Let (Mn) be a locally square integrable and condi-
tionally symmetric real martingale. Then, for all x, y > 0,

P(Mn ≥ x, [M ]n ≤ y) ≤ exp
(
− x2

2y

)
. (6)



EXPONENTIAL INEQUALITY FOR AUTOREGRESSIVE PROCESSES 245

In addition, for all a ≥ 0, b > 0,

P

(
Mn

a + b[M ]n
≥ x

)
≤

√
E

[
exp

(
− x2

(
ab +

b2

2
[M ]n

))]
,

P

(
Mn

a + b[M ]n
≥ x, [M ]n ≥ 1

y

)
≤ exp

(
− x2

(
ab +

b2

2y

))
.

Our goal is to propose similar exponential inequalities for (Mn) self-normalized by its pre-
dictable quadratic variation 〈M〉n. We shall say that a locally square integrable real martingale
(Mn) is conditionally Gaussian if, for all n ≥ 1, the conditional distribution of ∆Mn given Fn−1

is N (0, ∆〈M〉n) where ∆〈M〉n = 〈M〉n − 〈M〉n−1.
Theorem 7 Let (Mn) be a locally square integrable and conditionally Gaussian real mar-

tingale. Then, all the results of Theorem 6 are true replacing [M ]n by 〈M〉n everywhere. In
addition, for all x > 0, a ≥ 0, and b > 0, we also have

P

(
Mn

a + b〈M〉n ≥ x

)
≤ inf

p>1

(
E

[
exp

(
− (p − 1)x2

(
ab +

b2

2
〈M〉n

))]) 1
p

. (7)

The proof is given in Appendix A.

3 Application to Adaptive Tracking

Consider the autoregressive process given, for all n ≥ 0, by

Xn+1 = θXn + Un + εn+1, (8)

where Xn, Un and εn are the observation, control and driven noise, respectively. We assume that
(εn) is a sequence of independent and identically distributed random variables with standard
N (0, σ2) distribution where σ2 > 0. For the sake of simplicity, we also assume that the initial
state X0 is independent of (εn) with N (0, τ2) distribution, where τ2 ≥ σ2. A common way
to estimate the unknown parameter θ is to make use of the standard least-squares estimator
defined, for all n ≥ 1, by

θ̂n =
∑n

k=1 Xk−1(Xk − Uk−1)∑n
k=1 X2

k−1

. (9)

One can also choose the Yule-Walker estimator

θ̃n =
∑n

k=1 Xk−1(Xk − Uk−1)∑n
k=0 X2

k

. (10)

The only difference between θ̂n and θ̃n is the additional term X2
n in the denominator of (10). In

the situation without control, it is well-known that θ̂n and θ̃n both converge a.s. to θ and central
limit theorems may be founded in [7]. It is only recently that sharp asymptotic properties such
as large deviation principles were established for the Yule-Walker estimator θ̃n and much work
remains to be done for the least-squares estimator θ̂n

[8,9]. In the situation under control, θ̂n

and θ̃n both converge a.s. to θ and central limit theorems or laws of iterated logarithm may be
founded in [10], [11]. Moreover, it is extremely difficult to prove large deviation results as the
adaptive control Un completely erases the independence structure behind the autoregressive
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process (Xn). However, we shall establish a very simple exponential inequality for both θ̂n and
θ̃n.

The role of the adaptive control Un is to regulate the dynamic of the process (Xn) by forcing
Xn to track, as closed as possible, a given predictable reference trajectory (xn). For all n ≥ 0,
we have {

Xn+1 = Yn + εn+1,

Yn = θXn + Un.
(11)

Since Yn has to be as closed as possible to xn+1, the natural choice for the adaptive control Un

is given by U0 = 0 and, for all n ≥ 1,

Un = xn+1 − θ̂nXn.

Our main result is as follows.
Theorem 8 For all n ≥ 1 and x > 0, we have

P(|θ̂n − θ| ≥ x) ≤ 2 exp
(
− nx2

2(1 + yx)

)
, (12)

where yx is the unique positive solution of the equation h(yx) = x2 and the function h(x) =
(1 + x) log(1 + x) − x. Moreover, for all n ≥ 1 and x > 0, we also have

P(|θ̃n − θ| ≥ x + |θ|) ≤ 2 exp
(
− nx2

2(1 + yx)

)
. (13)

The proof is given in Appendix B.
Remark 2 First of all, it is important to see that inequality (12) is true for all values

n ≥ 1, it isn’t an asymptotic result. Moreover, inequality (12) can be very simple if x is small
enough. More precisely, one can easily see that for all 0 < x < 1, h(x) < x2

4 . Consequently, it
immediately follows from (12) that, for all 0 < x < 1

2 ,

P(|θ̂n − θ| ≥ x) ≤ 2 exp
(
− nx2

2(1 + 2x)

)
.

Finally, if θ > 0, we can deduce from (10) that, for all x > 0,

P(θ̃n − θ ≥ x) ≤ exp
(
− nx2

2(1 + yx)

)
.

4 Conclusion

In this paper, we propose a simple exponential inequality for the least squares estimator as
well as for the Yule-Walker estimator of the unknown parameter θ of a Gaussian autoregressive
process in adaptive tracking. It would be a very attractive challenge for the control community
to establish large or moderate deviation principles for these estimators in adaptive tracking.
More precisely, let (an) be a sequence of positive real numbers increasing to infinity, such that
an = o(n), and denote

Vn =
√

n

an
(θ̂n − θ).
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One can conjecture that the sequence (Vn) satisfies a large deviation principle with speed an

and rate function I(x) = x2

2 .

Appendix A

This appendix is devoted to the proof of Theorem 7 inspired by the original work of De la
Peña[6]. First of all, for all n ≥ 0 and t ∈ R, let

Zn(t) = exp
(

tMn − t2

2
〈M〉n

)
.

If (Mn) is conditionally Gaussian then it is easy to see that (Zn(t)) is a martingale with
expectation E[Zn(t)] = 1. For all x, y > 0, let

An =
{

Mn ≥ x, 〈M〉n ≤ y

}
.

By Markov’s inequality, we have for all t > 0,

P(An) ≤ E

[
exp

(
t

2
Mn − tx

2

)
1IAn

]
,

≤ E

[√
Zn(t) exp

(
t2

4
〈M〉n − tx

2

)
1IAn

]
,

≤ exp
(

t2y

4
− tx

2

)√
P(An) (A.1)

because E[Zn(t)] = 1. Therefore, dividing both sides of (A.1) by
√

P(An) and taking the value
t = x

y , we obtain that

P(An) ≤ exp
(
− x2

2y

)
.

We next carry out the proof in the special case a = 0 and b = 1 because the proof for the general
case follows exactly the same lines. For all x > 0, let Bn = {Mn ≥ x〈M〉n}. By Markov’s
inequality together with Holder’s inequality, we have for all t > 0 and q > 1,

P(Bn) ≤ E

[
exp

(
t

q
Mn − tx

q
〈M〉n

)
1IBn

]
,

≤ E

[
(Zn(t))

1
q exp

(
t

2q
(t − 2x)〈M〉n

)
1IBn

]
,

≤
(

E

[
exp

(
tp

2q
(t − 2x)〈M〉n

)]) 1
p

(A.2)

because once again E[Zn(t)] = 1 and 1
p + 1

q = 1. As p
q = p − 1, we can deduce from (A.2) and

the particular choice t = x that

P(Bn) ≤ inf
p>1

(
E

[
exp

(
− (p − 1)

x2

2
〈M〉n

)]) 1
p

,
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which immediately implies (7). In the case p = 2, we find that

P(Bn) ≤
√

E

[
exp

(
− x2

2
〈M〉n

)]
.

Furthermore, for all x, y > 0, let

Cn =
{

Mn ≥ x〈M〉n, 〈M〉n ≥ 1
y

}
.

As in the proof of (A.1), we obtain that for all 0 < t < 2x,

P(Cn) ≤ E

[√
Zn(t) exp

(
t

4
(t − 2x)〈M〉n

)
1ICn

]
,

≤ exp
(

t

4y
(t − 2x)

)
E

[√
Zn(t)1ICn

]
,

≤ exp
(

t

4y
(t − 2x)

)√
P(Cn). (A.3)

Therefore, dividing both sides of (A.3) by
√

P(Cn) and taking the value t = x, we obtain that

P(Cn) ≤ exp
(
− x2

2y

)
,

which completes the proof of Theorem 7.

Appendix B

We shall now focus our attention on the proof of Theorem 8. It immediately follows from
(8) together with (9) that, for all n ≥ 1,

θ̂n − θ = σ2 Mn

〈M〉n , (B.1)

where

Mn =
n∑

k=1

Xk−1εk and 〈M〉n = σ2
n∑

k=1

X2
k−1.

The driven noise (εn) is a sequence of independent and identically distributed random variables
with N (0, σ2) distribution. Consequently, for all n ≥ 1, the conditional distribution of ∆Mn

given Fn−1 is N (0, σ2X2
n−1) which implies that (Mn) is a locally square integrable and condi-

tionally Gaussian real martingale. Therefore, we infer from inequality (7) of Theorem 7 that,
for all n ≥ 1 and x > 0,

P(|θ̂n − θ| ≥ x) = P

(
|Mn| ≥ x

σ2
〈M〉n

)
= 2P

(
Mn ≥ x

σ2
〈M〉n

)
,

≤ 2 inf
p>1

(
E

[
exp

(
− (p − 1)

x2

2σ4
〈M〉n

)]) 1
p

. (B.2)
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Similar result may be found in [12], [13]. We are now halfway to our goal and it remains to find
an exponential inequality for 〈M〉n. For all t ∈ R such that 1 − 2σ2t > 0, if α = 1√

1−2σ2t
, we

deduce from (11) that, for all n ≥ 1,

E[exp(tX2
n)|Fn−1] = exp(tY 2

n−1)E[exp(2tYn−1εn + tε2
n)|Fn−1],

=
exp(tY 2

n−1)
σ
√

2π

∫
R

exp
(
− x2

2α2σ2

)
exp(2tYn−1x)dx.

Hence, if β = 2tασYn−1, we find via the change of variables y = x
ασ that

E[exp(tX2
n)|Fn−1] =

α exp(tY 2
n−1)√

2π

∫
R

exp(−y2

2
+ βy) dy,

= α exp
(

tY 2
n−1 +

β2

2

)
= α exp(tα2Y 2

n−1),

which implies that, for all t < 0 and n ≥ 1,

E[exp(tX2
n)|Fn−1] ≤ α. (B.3)

Furthermore, as X0 is N (0, τ2) distributed with τ2 ≥ σ2, we also have, for all t < 0,

E[exp(tX2
0 )] ≤ α.

It immediately follows from (B.3) together with the tower property of the conditional expecta-
tion that, for all t < 0, n ≥ 0,

E

[
exp

(
t

n∑
k=0

X2
k

)]
≤ αn+1,

which ensures that
E[exp(t〈M〉n)] ≤ (1 − 2σ4t)−

n
2 . (B.4)

Consequently, we deduce from the conjunction of (B.2) and (B.4) with the value

t = − (p − 1)x2

2σ4

and the change of variables y = (p − 1)x2 that, for all x > 0 and n ≥ 1,

P(|θ̂n − θ| ≥ x) ≤ 2 inf
y>0

exp
(
− nx2

2
�(y)

)
,

where the function � is given by

�(y) =
log(1 + y)

x2 + y
.

We clearly have

�′(y) =
x2 − h(y)

(1 + y)(x2 + y)2
,

where h(y) = (1+y) log(1+y)−y. One can observe that h is the strictly convex function given
in Bennett’s inequality. Let yx be the unique positive solution of the equation h(yx) = x2. The
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value yx maximizes the function � and this natural choice immediately leads to (12). Finally,
it follows from (10) and (12) that, for all x > 0 and n ≥ 1,

P(|θ̃n − θ + θfn| ≥ x) ≤ 2 exp
(
− nx2

2(1 + yx)

)
, (B.5)

where

fn =
X2

n

sn
and sn =

n∑
k=0

X2
k .

As 0 ≤ fn ≤ 1, (B.5) implies (13) achieving the proof of Theorem 8.
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