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Abstract

We establish new almost sure asymptotic properties for martingale transforms. It enables us
to deduce the convergence of moments in the almost sure central limit theorem for martingales.
Several statistical applications on the asymptotic behavior of stochastic regression models are
also provided.
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1. Introduction

Let (£,) be a sequence of independent and identically distributed random variables
with E[£,] =0, E[¢2] = ¢° and define the empirical measures

1 1 . -
Gn = logn ; E 5Sk/\/]€ with Sn = ; fk.

The celebrated almost sure central limit theorem (ASCLT) states that, with proba-
bility one, G, = G where G stands for the standard .A47(0, 6?) distribution. It was
simultaneously established by Brosamler (1988) and Schatte (1988, 1991) and in the
present form by Lacey and Phillip (1990). In other words, for any bounded continuous
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real function A
n

.1 LS
Tim_ 1ognZEh (\//;> —/Rh(x)dG(x) a.s. (1.1)

k=1

We also refer the reader to Berkes and Csaki (2001) for a remarkable universal AS-
CLT covering a large class of limit theorems for partial sums, extremes, empirical
distribution functions and local times associated with (&,).

One might wonder if convergence (1.1) holds for unbounded functions /4. Schatte
(1991) has shown that (1.1) is true with 4(x) = exp(ax?) and a < 1/4. More recently,
Ibragimov and Lifshits (1998, 1999) proved that (1.1) holds as soon as the integral
on the right of (1.1) is finite together with a mild regularity assumption on 4. On the
other hand, we also know from the important contribution of Chaabane (1996, 2001)
and Chaabane and Maaouia (2000) and Lifshits (2001, 2002) that the ASCLT holds in
the martingale framework. More precisely, let (¢,) be a martingale difference sequence
adapted to an appropriate filtration F = (%) and let (¢,) be a sequence of random
variables adapted to F. We define the real martingale transform (M,) by

n
M, = Z Dr—18k-
=1

We also define the explosion coefficient associated with (¢,) by

A N2
o= . with s, = ¢}.
k=0
In all the sequel, we assume that (s,) increases a.s. to infinity. A simplified version of
the ASCLT for martingales (Chaabane, 1996) is as follows.

Theorem 1. Assume that (&,) is a martingale difference sequence such that E[e>_,|
F =6 a.s. and satisfying for some a > 2

sup E[|ep1]“|F 0] <00 a.s. (1.2)

n=0

In addition, assume that for some b > 1

d fh<oo s (1.3)

n=1

Then, (M,) satisfies an ASCLT so that for any bounded continuous real function h
) | J— M, ) /

lim h = | h(x)dG(x) a.s. 1.4

Jlim kgfk ( e I RLLE) (1.4)

Similarly to (1.1), a natural question is whether or not convergence (1.4) holds for
unbounded functions 4. It was already established by formula (2.4) of Wei (1987) that
under the moment condition (1.2), if the explosion coefficient f, tends to zero a.s.,

then
, | M} 5
lim 0 ka () =g° as. (1.5)

n—oo log sy &= \ sk
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Consequently, (1.4) is true with A(x) = x*. The purpose of this paper is to show that
under a suitable additional moment assumption on (g,), convergence (1.4) holds for
any functions /4 such that |4(x)| < x¥ with p > 1. Several statistical applications on the
asymptotic behavior of stochastic regression models are also provided. Finally, a recent
application on the adaptive control of parametric nonlinear autoregressive models can
be found in Bercu and Portier (2002).

The paper is organized as follows. In Section 2, we establish new almost sure
asymptotic properties for powers of martingale transforms. Moreover, if the explosion
coefficient f, tends to zero a.s., we prove the convergence of moments in the ASCLT
for martingales. We also propose similar results when the explosion coefficient f,
converges a.s. to a positive random variable. Statistical applications are developed in
Section 4 and all technical proofs are collected in Sections 3 and 5.

2. Main results

We first propose new almost sure asymptotic properties for powers of martingales
transforms generalizing a well-known strong law due to Neveu (1975) and Lai and Wei
(1982). One can observe that (M) is a martingale transform whereas it is not neces-
sarily a martingale except when (¢,) and (¢, ) are both square integrable. In fact, all
locally square integrable real martingales can be seen as particular martingale trans-
forms. For any integer p > 1, set

p p
sy —sP
va(p) = Spn .
n

Theorem 2. Assume that (&,) is a martingale difference sequence such that for some
integer p =1

sup E[¢?

Tl Fal <o as. 2.1)
n=0

Then, for any y > 0

MY =o(st_(logs,—1)'"7) as. 2.2)
: M\
Z oa(p) 4 <0 as. (2.3)
(logs,)"*7 \su—1
Moreover assume that for some a > 2p
sup E[|e,1]“]Fn] < o0 a.s. (2.4)
n=0
Then
M¥» =0(s"_ logs,_1) as. (2.5)

n M2 P
> op) (ﬁ(’fl) =0(logs,) as. (2.6)
k=1 -
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Remark. On the one hand, in the particular case p = 1, the almost sure properties
given above are exactly the scalar version of Theorem 1.3.24 of Duflo (1997), which
is at the core of many proofs concerning the study of the asymptotic behavior of linear
regression models. On the other hand, formula (2.30) of Wei (1987) implies that under

2.1)
M =o(s? (logs,_1)°) as. 2.7)

with 6 > 1 which is exactly formula (2.2). However, we assume here that p is a
positive integer while p > 1 can be a real number in Wei’s result. Nevertheless, the
proof of (2.7) is totally different from that of (2.2) and (2.5) as it mainly relies on the
Burkholder-Davis—Gundy inequality. Finally, the most important results of Theorem 2
lie in (2.3) and (2.6) as we shall see below.

Theorem 3. Assume that (g,) is a martingale difference sequence such that
Ele2, |7 4] = 6% a.s. and satisfying, for some integer p > 1, the moment condi-
tion (2.4). In addition, assume that the explosion coefficient f, tends to zero a.s.
Then

n

M2 P 2p !
lim — ka< k) _ e (2.8)
=1 Sk—1

n—oo log s, 27 pl

A straightforward application of Theorem 3 is as follows.

Corollary 4. Assume that (&,) is a martingale difference sequence such that
E[e2 Ll Fal = 62 a.s. and satisfying, for some integer p > 1, the moment condition
(2.4). In addition, assume that (1.3) holds. Then, for any continuous real function h
such that |h(x)| < x%, we have

, 1 < Me \
lim_ g, ; fkh< SH) = /R h(x)dG(x) as. (2.9)

Theorem 3 establishes the convergence of moments in the ASCLT for martingales. It
requires that the explosion coefficient f), tends to zero a.s. One might wonder whether
or not a similar convergence holds when f, converges a.s. to a positive random variable
f and it is the purpose of the following result to show that this is the case. First of
all, for any integer p > 1, set

o.(p)= [E[Sf+l |97n]

Theorem 5. Assume that (&,) is a martingale difference sequence satisfying, for some
integer p =1, the moment condition (2.4). In addition, assume that for any 2 <
q<2p

nanolo on(q)=0(q) as. (2.10)
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where a(q)=0 if q is odd. If the explosion coefficient f, converges a.s. to a random
variable f with 0 < f < 1, then
n 2

.1 Mz’ .
13‘30,12(&]{1) =I(p,f) as. (2.11)

k=1
where (0, f)=1 and, for p=1, I(p,f) is given by the recurrence equation

I(p. f)= }jc,ﬁa—fv%d%ﬂ@—hfy

1T—(1—f)4

Corollary 6. For any integer p =1, I(p, ) does not depend upon the random vari-
able f if and only if, for all 1 <k < p, the moments a(2k) coincide with those of an
N(0, %) random variable where ¢(2)=o?. In this particular case, the limits in (2.8)
and (2.11) are identical

2
anrﬁ()f—@@L

3. Proofs
3.1. Proof of Theorem 2

We shall prove Theorem 2 by induction on the power p > 1. First of all, Theorem 2
is already established for p=1 in Duflo (1997), Lai and Wei (1982) and Neveu (1975).
Next, let p > 2 and assume that Theorem 2 holds for any power g with 1 < g < p—1.
For n > 0, as M,,H =M, + ¢neni1,

2
nil _Zc2p n n+1M2p k (31)

Moreover, for any 0 <k < 2p, set
on(k) = Sn_pd)ﬁanp_k'
Via a standard truncation argument (Wei, 1987), we can assume without loss of gen-

erality that each ¢,(k) is a bounded random variable. In addition, we can also assume
sup, 6,(2p) < C a.s. for some constant C > 1. Denote

M .2
Vo= and m_ﬂl&,
Sp—1 S”

It immediately follows from (3.1) that for any n > 1
EVai1|F ] < Vo — Ay + By + W, (3.2)
with
2p—1

Ar=0v,(p)s, AM? and B, = C§ [0,(k) (k).
k=2
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Let (a,) be the positive decreasing sequence given by a, ! = (logs,)'*” with y > 0.
On the one hand, since q’)ﬁ <'s,, we have

Zaan <00 as. (3.3)

On the other hand, in order to use the Robbins—Siegmund theorem (see e.g.
Duflo, 1997, p. 18), we claim that

ZanB,, <00 as. (3.4)

In fact, one can easily see from the Holder inequality that each |o,(k)] < C as.
Moreover, for any integer g > 1, we have si —s? | > ¢2si™" so that v,(q) > ¢¥'s,”
with 1 <7 < ¢g. Consequently, we obtain from the induction assumption that for any
I<g<p—-landl1<r<gqg

o . 2r p 124
3 b Mi” (3.5)

q+r
n=1 Sn
We shall apply (3.5) in the three following cases for proving (3.4).

Case 1: Let 2 <k <2(p—1) with k even. We can find 1 < ¢ < p — 1 such that

k=2(p—q). Then, as ¢k < ¢2s779"", we obtain from (3.5) with » =1 that a.s.

> kg 2p—k s 27124
a M, a, oM,
§ n‘¢n p" | < E n¢n 1” < 00 (36)
Sh g+
n=1 n=1 n

Case 2: Let 3 < k <2p—3 with k odd. First, assume that £ < p—1. We can choose
2 < g < p—1 such that k=2(p —¢q)+ 1. Then, it follows from the Cauchy—Schwarz
inequality and (3.5) with 2r =k 4 1 that a.s.

2
oo kpg2p—k 2rpg2q X 2(r—1) 5 r2(g—1)
a M, a M, M,
<§ : n|¢nspn |> < 2: n¢q+r un ST 2 <0 (3.7)
n=1 n n=1

Next, assume that p < k < 2p — 3. We obviously have

2p—k 2p—k 2 k
2 :an‘d’ksz | <§ :an|¢p 2
7[) 3 2—k a.S.
Ky -P
n=1 n n=1 Sn

Hence, as before, we find that (3.7) also holds with r =g
Case 3: Let k=2p — 1. We have a.s.

2130 1\ o0 3 2 o apm 00 g
an|¢ n| an‘({b Mn‘ and) M, an({b
(5o ) o (S} S St

n=1 n=1 n=1 n n=1 n

Therefore, (3.4) follows from the conjunction of (3.6), (3.7) and (3.8). Finally, as
a,=o(1) a.s., we obtain from (3.2), (3.3), (3.4) together with the Robbins—Siegmund
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theorem that @, 1V, =0(1) a.s. and
> ad, <o as. (3.9)
n=1

which completes the proof of (2.2) and (2.3). It now remains to prove (2.5) and (2.6).
One can deduce from (3.1) that for any n > 1

Vivr + Ay =V + Byt + W pta (3.10)

where

n n
_ =P Af2P _ —p 42 2p
oA, = § v(p)s S M, W = g Sk ¢k Erils
k=1 k=1
2p—1 n

Buiy =Y Cs,Bui(l) with By (D)= gu(Def -
=1 k=1

On the one hand, (2.4) together with Chow’s lemma (see e.g. Duflo, 1997, p. 22)
imply that a.s.

W1 =0 (F(p)) with Fu(p)=>_ L.
k=1

In addition, by the elementary inequality x < — log(1 — x) with 0 <x < 1, we de-
duce that f} < f, < — log(l — f,) so that f? <logs, — logs,_;. Consequently,
F,(p) <logs, which ensures that

W1 =0(logs,) as. (3.11)
On the other hand, we claim that

|%,11] =0 (logs,) as. (3.12)
In order to prove relation (3.12), we have to show that for any 1 </<2p — 1,

|B,+1(1)| =0 (logs,) a.s. First of all, split B, (/) into two terms, B, 1(1)=C,11({)+
D, (1) with

Co(D) =Y u(Dexi (D) and DD = p(Dow(l)

k=1 k=1

where e, 1(]) = 8,[1+1 — 0,(]). For any 1 </ < p, one can easily deduce from (2.2)

and (2.3) together with Kronecker’s lemma that, for all y > 0,

()= oD = o((logs,)*7) as.

k=1

with d =(2p — 1)/p. Consequently, by virtue of the standard strong law of large num-
bers for martingales, we obtain that |C,.1()]> = O (t,(/)logt,(1)) so that |C,.(])|> =
o((logs,)¥7log, s,) a.s. Since d < 2, it implies that, for any 1 </ < p, C,1(]) =
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o(logs,) a.s. Moreover, for any p+ 1 <1<2p—1, we find via Chow’s lemma that
either (C,+1(/)) converges a.s. or C,1(/)=0(v,(/)) a.s. where

n ) n M2 p(o—1)
=3 lo0 =37 ()
k=1 k=1 g

with 6 = 2p/l. One can observe that we always have 1 < ¢ < 2. Therefore, it fol-
lows from the Holder inequality together with the induction assumption that v,(/) =
O (logs,) a.s. which leads to C,.i(/) =o0(logs,) a.s. Consequently, we infer that for
any 1 <I1<2p—1

Cyr1(l)=o0(logs,) as. (3.13)
In order to prove (3.12), it remains to show that for any 1 </ <2p—1

|D,(D)] =0 (logs,) as. (3.14)

We shall proceed as in the proof of (3.4). Similarly to (3.5), we deduce from the
induction assumption that forany | <g< p—land 1 <r<gq

oi'M,
Z qH *O(logsn) a.s. (3.15)
We shall apply (3.15) in the three following cases for proving (3.14).
Case 1: Let 2 < 2(p -1 wzth [ even. We can find 1 < ¢ < p — 1 such that
1=2(p—q). Then, as ¢} < ¢p2s/ 77", we obtain from (3.15) with » =1 that a.s.
|D,.(D)| = O(Z d)j‘?*f ) =0 (logs,). (3.16)
k=1 Sk

Case 2: Let 3 < 1 < 2p—3 with |l odd. One can note that D, (1)=0 since 7,(1)=0 a.s.
Hence, we can take / > 3. First, assume that / < p—1. We can choose 2 < g < p—1
such that / =2(p — ¢g) + 1. Then, it follows from the Cauchy—Schwarz inequality and
(3.15) with 2r =17+ 1 that a.s.

n r— - 12
d)erZq ¢2( Dp2e=1
|D,(1)] =0 (Z i Lk = O (logs,). (3.17)

Sk k=1 Sk

Next, assume that p </ <2p — 3. We obviously have

|¢2p / 2p l|
ID/(D)| =0 (Z 21,1 ) as.

Hence, we obtain that (3.17) also holds with » =gq.
Case 3: Let [=2p — 1. We have as.

n

12
n 3M n 2M2 4

ID(1)] = o(Z |¢k2 "') :o(Z (/sz k Z%) =0 (logsy). (3.18)
- 5 i Sk = Sk

k

Consequently, (3.14) follows from the conjunction of (3.16), (3.17) and (3.18) and
it immediately implies (3.12). Finally, we find from (3.10), (3.11) and (3.12) that
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Vis1 = O(logs,) as. and o/, = O(logs,) a.s. which completes the proof of
Theorem 2. [

3.2. Proof of Theorem 3

We shall use the same notations as those in the proof of Theorem 2. First of all, it
immediately follows from (1.5) that Theorem 3 is true for p=1. Next, let p > 2 and
assume that Theorem 3 holds for any power ¢ with 1 < ¢ < p — 1. On the one hand,
via (2.7), we clearly have V,;; = o(logs,) a.s. On the other hand, as the explosion
coefficient f, tends to zero a.s., we obtain that F,(p) = o(logs,) a.s. which ensures
that # ,.1 = o(logs,) a.s. Furthermore, we already saw from (3.13) that for any
1</<2p—1, Cy1(l) =0(logs,) a.s. In addition, it is not hard to see from the
induction assumption that for any 3 </ <2p—1, D,(/)=o0(logs,) a.s. We are now
in a position to prove (2.8). One can observe that

n 2\ P—1
D= r (M)
=1

As f, tends to zero, s, is a.s. equivalent to s,_;. Thus, we deduce from the induction
assumption that a.s.

2p !
) o i _o”?(2p)!
nlggo logs, D,2)=0l(p—1) with I(p)= 27! (3.19)
Hence, we obtain from (3.19) that
lim B =C3,0%(p—1)=pl(p) as. (3.20)
n—oo log s, ?
Consequently, we find from (3.10) that
nlirgo logs, A, = pl(p) as. (3.21)
We recall that
n M2 P
A= u(p) (") (3.22)
=1 Sk—1

with

Hereafter, as v,(p) is a.s. equivalent to pf,, convergence (2.8) follows from (3.21)
and (3.22). [

3.3. Proof of Theorem 5

We also prove Theorem 5 by induction on the power p > 1. As before, Theorem
5 is already established for p =1 by formula (2.3) of Wei (1987). Next, let p =2
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and assume that Theorem 5 holds for any power ¢ with 1 < g < p— 1. Recall that we
have the decomposition

Va1t + ALy =V1+ Bpi1r + Wy (3.23)

On the one hand, as the explosion coefficient f, converges a.s. to f, s,_1/s, tends a.s.
to 1 — f and logs, is a.s. equivalent to —nlog(1 — /). Consequently, we deduce from
(2.7) that V. =o0(n) a.s. On the other hand, it follows from Chow’s lemma that

n—oo

1

lim — %, = fPa(2p) as. (3.24)
n

Moreover, we already saw that for any 1 </<2p — 1, Cy1(]) = o(n) a.s. which

implies that a.s.

2p—1 n
Brr =) CLD(D)+0(n) with D)= ge(Dar(l).
=2 k=1

We shall now study the asymptotic behavior of D,(/) in the two following cases.
Case 1: Let 2 <1 <2(p— 1) with [ even. We can find 1 < ¢ < p — 1 such that
I =2(p — q). Notice that D,(/) can be rewritten as

RN g (s Y (MY
Dn(l)—;ﬂk(z(p—@)ff q(sk> (>,

Sk—1

it follows from (2.10) together with the induction assumption that
lim % D()=02(p— ) [ (1 - [Ylq.f) as. (3.25)
Case 2: Let 3<1<2p—1 with [ odd As 6,(]) tends a.s. to zero,
|D.(D)]=0(1)+o0 <i QDk(l)|> a.s.
k=1
In addition, via the same arguments as in the proof of (3.14), we find that

> o) =0(n) as.
k=1

which immediately ensures that D,(/) =o0(n) a.s. Therefore, we deduce from the con-
junction of (3.23), (3.24) and (3.25) that

14
lim % A= CihoQ) (=) Up—k[) as. (3.26)
k=1

Finally, as v,(p) converges as. to 1 — (1 — f)?, we infer (2.11) from (3.22) and
(3.26), which completes the proof of Theorem 5. [
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3.4. Proof of Corollary 6

First of all, Corollary 6 is clearly true for p=1 as I(1, f) = ¢(2) = 6. On the one
hand, assume that for any 2 < k < p, (2k) = I(k). We have by induction

2k(2k)!
.1 = =G =75 (Z L e e z(p—k,f>>,
B S 50C S R
_1—(1—f)P< 2 ik )

1 -
=T—a=7r <l<p>zc fra=ry k) =U(p).

On the other hand, assume that /(p, /) does not depend upon the random variable
f. For any p>1, as I/(p,f) is a continuous function of f, we necessarily have
I(p, /)= 1(p,1)=0(2p). Moreover, after some tedious calculation, we can prove the
expansion

p
Ip. f)=1p)+ Y Poi(f) (3.27)

k=2

with 6y =0(2k)—[(k), where the rational functions P, ;( /") may be explicitly calculated.
For example,

P
PP’P(.}(‘): 1 _({_ f)pa
szpl(l) p—1 p—1
P]hp*l(f):m[f(l_f) Pp_1,p—1(f)+ /77 (1= /)]

It remains to show that for any 2 < k < p, §; = 0. We shall only carry out the proof
that 6,=0 inasmuch as the rest of the proof follows essentially the same arguments than
those for J,. First, for p=2, one can easily see that (3.27) reduces to f(1 — f)d, =0
which immediately implies that d, = 0. Next, for p > 3, we deduce from (3.27) that

p—1

(1= f2 = (1= )" =D (1= (1= f)")Pp( ).

k=2

Consequently, dividing this identity by f(1 — f), we find that

p—1
0p()3p =Y Rpi(/)dk (3.28)

k=2

where

— p—2
0,(f) =~ ’;(1 “f)f ) =Tt
k=
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and the rational functions R, ;(f)=(f(1 -~ la-a —f)P)P,x(f) may be explicitly
calculated. For example,

Ry p-1(f)=Co (DI — f)" 2Py i () + 777,

The key point here is that 0,(0) = p whereas R, ;(0) = 0. Hence, the constant term
in relation (3.28) is pd, which ensures that J, =0. [

4. Statistical applications

Consider the stochastic regression model given, for all n > 1, by
Xy =0¢,_1 + &, 4.1)

where X, ¢,, and ¢, are the observation, the regression variable and the driven noise
of the system, respectively. Assume that (&,) is a martingale difference sequence such
that E[¢2,,|#,] = ¢* a.s. In order to estimate the unknown real parameter 0, we use
the least-squares estimator

7_11 Z (bklek where Sp = Z d)i
k=0

k=1

It immediately follows from (4.1) that s,_,(0, — 0) = M, with

M, = Z Dr—18.
=1

Hence, (4.1) can be rewritten as
X, — énfld)nfl =Ty—1+ & (42)

with 7, = —s,;l 1PaM,,. If (e,) satisfies the moment condition (1.2) and
1 n
An = ; kz_; 8/2{,

then 4, converges a.s. to o2. First of all, we assume that (s,) increases a.s. to infinity
and that the explosion coefficient f), tends to zero a.s. which leads to logs, = o(n)
a.s. Convergence (1 5) clearly implies that

an =0’ as. (4.3)

lim
n—oolog Sn

Consequently, we deduce from (4.2) and (4.3) that if
1 N
r,=- Z(Xk — Oc—1pk—1 )%,
"=
then I', is a strongly consistent estimator of ¢ with

lim (I'y—4,)=0¢> as. (4.4)

n—oo log s,
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The purpose of this section is to propose strongly consistent estimators of higher-order
moments of (&,). Recall that for any g > 0, o',,(q):[E[sZJrl |7 ] with 6,(0)=1, ¢,(1)=0
and ¢,(2) = ¢2. Moreover, define

1 n . 1 n
Tu(@)= > (X = Oigpm)! and - Au(q)= - .
k=1 k=1

Corollary 7. Assume that (¢,) satisfies, for some integer p > 1, the moment condition
(2.4). If one can find some 2 < g <2p such that 6,(q) = o(q) a.s., then I',(q) is a
strongly consistent estimator of a(q) with

log:s,
(rn(q)—An(q>>2=0(°is) as. (45)

Remark. It follows from Chow’s lemma that if, for some p > 1, (g,) satisfies (2.4)
with a > 2 p, then, for all 2 < ¢ <2p, 4,(g) converges a.s. to g(q) with the rate of
convergence

14,(q) — o(g)| = o(”n> as.

where ¢ is such that 2pa~! < ¢ < 1. Consequently, as soon as logs, =o0(n°) a.s., we
infer from (4.5) that

(T'u(q) — 0(q))* = o(nn> a.s.

Another application of Theorem 3 concerns the convergence in average of the estima-
tion error (0, — 0)%.

Corollary 8. Assume that (g,) satisfies, for some integer p > 1, the moment condition
(2.4). Then
021’(2]))!

Z st (0 — 0% = oo 45 (4.6)

nﬂoo 10

In addition, assume that for some positive constant t

1
lim -5, =7 a.s. 4.7)
n—oo N
Then
(2p)!
Zk” (G, — oy = 2P (4.8)
Hoo logn P20 p!

Example 1. If we choose ¢, = X,, we can rewrite (4.1) as the linear autoregressive
model

X, =0X,_1 + &, (4.9)
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On the one hand, in the stable case |0 <1, f, — 0 as. and s,/n converges a.s.
to ¢2/(1 — 0?%) so that logs, is a.s. equivalent to logn (see e.g. Duflo, 1997 and
Lai and Wei, 1983). Thus, (4.5) holds replacing logs, by logn. Moreover, it follows
from (4.8) that

" . — 02)7(2p)!
| ptp o (1= 02)7(2p)!
nllp;o Togn kEZI kP~ (0, — 0) 27l a.s.

On the other hand, in the unstable case |0| = 1, once again f, — 0 but s,/n’> di-
verges. However, by formula (3.5) of Wei, 1987, logs, is a.s. equivalent to 2logn.
Consequently, (4.5) is true replacing logs, by logn.

Example 2. If we choose ¢, = f(X,) where f is a known real function, we can rewrite
(4.1) as the parametric functional autoregressive model

X, =0f(X,_1) + ¢
Assume that for all x in R,
clx[+d <[|f(x)] <alx|+b

where 0 < a|0| < 1, b,c = 0 and d > 0 if c=0, d > 0 otherwise. One can easily check
that n=0(s,), f» — 0 and 5, =0 (n) so that logs, = O (logn) a.s which implies that
(4.5) holds replacing logs, by logn.

Hereafter, we assume that the explosion coefficient f, converges a.s. to a random
variable f with 0 < f < 1. On the one hand, s, grows exponentially fast to infinity
and the expression of I(p, f), given by Theorem 5, depends on all the moments ¢ (2k)
with 1 <k < p. Consequently, it is possible but rather intricated to estimate the even
moments of (g,) as in Corollary 7. On the other hand, even if s, grows exponentially
fast to infinity, the estimator 0, is self-normalized. Therefore, we can propose a direct
application of Theorem 5 similar to Corollary 8.

Corollary 9. Assume that (&,) satisfies, for some integer p = 1, the moment condi-
tions (2.4) and (2.10). Then

lim — Zsk (O =0 =1(p, f) as. (4.10)

n—oo N

In addition, assume that for some positive random variable t

’11irr;o(l —f)V'sp =1  as. (4.11)
Then

: (O =0y Up.S)

nlgrolonz a7 -~ oa=7p (4.12)

Example 3. Consider once again the linear autoregressive model given by (4.9). In
the explosive case |0] > 1, 0 ~"X, converges a.s. and in mean square to the nonzero
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random variable
Y=X,+ Z 0 71{8/(.
k=1

Hence, we directly obtain via Toeplitz’s lemma that f, — (0> —1)/0? a.s. and s,/0 "
converges a.s. to 02Y2/(0% — 1) (see e.g. Bercu, 2001; Duflo, 1997 and Lai and Wei,
1983). Consequently, it follows from (4.12) that

lim % > 0% (0 — 0))* = 02 = D’ip, f)
k=1

n— o0 sz

5. Proofs of statistical results
5.1. Proof of Corollary 7

We already saw via (4.4) that Corollary 7 holds for ¢ = 2. Next, let ¢ > 3 and
assume that 0,(q¢) = o(q) a.s. It follows from (4.2) that for any n > 1

n(I'y(q) — 42(q)) = Pn—1(q) + Ou(q) (5.1)

where

Pn(q) = Z EZ,
k=0
q—1

n—1
0u(g) = CIR,(I) with R(1)=) n{"'¢f,,.

=1 k=0
As f, tends to zero, s, is a.s. equivalent to s,_;. Thus, we deduce from (2.8) that for
any 2<r<p

1 — . 7 a¥r)
li -+ = - as.
i log s, kz:; T I 2rr! a8

which implies that
> m =o(logs,) as. (5.2)
k=0

On the one hand, if ¢ is even, we can find 2 < r < p such that ¢ = 2r. Hence, we
immediately obtain from (5.2) that
P.(qg)=o0(logs,) as. (5.3)

On the other hand, if ¢ is odd, we also derive from (5.2) together with the Cauchy—
Schwarz inequality that (5.3) still holds. Next, via the same way that (3.12) is estab-
lished in the proof of Theorem 2, we find that

|0.(q)]* = O (nlogs,) as. (5.4)

Consequently, (4.5) follows from (5.1), (5.3) and (5.4), which completes the proof of
Corollary 7. [J
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5.2. Proof of Corollary 8

As (4.6) is a straightforward application of (2.8), we only have to prove (4.8). For
any sequence (a,), it is not hard to see that

n n
Zakqﬁ:an(sn—nr)—also—i-rZak +r, (5.5)
k=1 k=1
where
n—1
Fp= Y (ar — aji1)(sy — k).
k=1

We shall now choose
1 M» sP (0, —0)F

an

- P
Sn Sp_j

Sn
On the one hand, (2.5) directly implies that a,(s, — nt) = o(logs,) a.s. On the other
hand, proceeding exactly as in the proof of the second part of Theorem 2, we infer
that r, = o (logs,) a.s. Therefore, we deduce from (2.8) and (5.5) that a.s.
1 ¢ I(p) . o (2p)!
== th I(p)=———. 5.6
Jm s, ;ak L Wi (p) 20l (5.6)
Finally, we find via Toeplitz’s lemma together with (4.7) and (5.6) that (4.8) holds,
which completes the proof of Corollary 8. [
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