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1 Introduction

Bifurcating autoregressive (BAR) processes are an adaptation of autoregressive (AR) processes to
binary tree structured data. They were first introduced by Cowan and Staudte [2]] for cell lineage
data, where each individual in one generation gives birth to two offspring in the next generation.
Cell lineage data typically consist of observations of some quantitative characteristic of the cells over
several generations of descendants from an initial cell. BAR processes take into account both inher-
ited and environmental effects to explain the evolution of the quantitative characteristic under study.

More precisely, the original BAR process is defined as follows. The initial cell is labelled 1, and the
two offspring of cell n are labelled 2n and 2n 4+ 1. Denote by X,, the quantitative characteristic of
individual n. Then, the first-order BAR process is given, for all n > 1, by

Xon = a + bX, + &g,
Xont1 = a + bX; + €3p41.

The noise sequence (&, €5,,1) represents environmental effects while a,b are unknown real
parameters with |b| < 1. The driven noise (€5, £5,41) Was originally supposed to be independent
and identically distributed with normal distribution. However, two sister cells being in the same
environment early in their lives, €,, and €,,,; are allowed to be correlated, inducing a correlation
between sister cells distinct from the correlation inherited from their mother.

Several extensions of the model have been proposed. On the one hand, we refer the reader to
Huggins and Basawa [[10] and Basawa and Zhou [[1} [15] for statistical inference on symmetric
bifurcating processes. On the other hand, higher order processes, when not only the effects of
the mother but also those of the grand-mother and higher order ancestors are taken into account,
have been investigated by Huggins and Basawa [[10]. Recently, an asymmetric model has been
introduced by Guyon [J5}; 6] where only the effects of the mother are considered, but sister cells are
allowed to have different conditional distributions. We can also mention a recent work of Delmas
and Marsalle [[3]] dealing with a model of asymmetric bifurcating Markov chains on a Galton Watson
tree instead of regular binary tree.

The purpose of this paper is to carry out a sharp analysis of the asymptotic properties of the
least squares (LS) estimators of the unknown parameters of general asymmetric pth-order BAR
processes. There are several results on statistical inference and asymptotic properties of estimators
for BAR models in the literature. For maximum likelihood inference on small independent trees, see
Huggins and Basawa [[10]]. For maximum likelihood inference on a single large tree, see Huggins
[9] for the original BAR model, Huggins and Basawa [11]] for higher order Gaussian BAR models,
and Zhou and Basawa [[15]] for exponential first-order BAR processes. We also refer the reader to
Zhou and Basawa [[14] for the LS parameter estimation, and to Hwang, Basawa and Yeo [[12]] for
the local asymptotic normality for BAR processes and related asymptotic inference. In all those
papers, the process is supposed to be stationary. Consequently, X,, has a time-series representation
involving an holomorphic function. In Guyon [5], the LS estimator is also investigated, but the
process is not stationary, and the author makes intensive use of the tree structure and Markov
chain theory. Our goal is to improve and extend the previous results of Guyon [[5] via a martingale
approach. As previously done by Basawa and Zhou [[1; [14; [15] we shall make use of the strong
law of large numbers [[4]] as well as the central limit theorem [[7; 8] for martingales. It will allow

2493



us to go further in the analysis of general pth-order BAR processes. We shall establish the almost
sure convergence of the LS estimators together with the quadratic strong law and the central limit
theorem.

The paper is organised as follows. Section [2| is devoted to the presentation of the asymmetric
pth-order BAR process under study, while Section [3| deals with the LS estimators of the unknown
parameters. In Section |4, we explain our strategy based on martingale theory. Our main results
about the asymptotic properties of the LS estimators are given in Section[5| More precisely, we shall
establish the almost sure convergence, the quadratic strong law (QSL) and the central limit theorem
(CLT) for the LS estimators. The proof of our main results are detailed in Sections 6 to 10, the more
technical ones being gathered in the appendices.

2 Bifurcating autoregressive processes

In all the sequel, let p be a non-zero integer. We consider the asymmetric BAR(p) process given, for
alln>2P71 by
_ p

Xon = a9 + Dn, akX[Zk%l] + €, 1)

Xopy1 = by + Zizl ka[Zk%l] + €yt
where [x] stands for the largest integer less than or equal to x. The initial states {X;, 1 < k <
2P~1 — 1} are the ancestors while (g5, £5,11) is the driven noise of the process. The parameters
(ag,as,...a,) and (bg, by, ..., b,) are unknown real numbers. The BAR(p) process can be rewritten
in the abbreviated vector form given, for all n > 2P~!, by

X2n = AXn +  Mans
(2.2)
{ Xont1 = BXy + Mapias

where the regression vector X, = (Xn,X[g], e X 15 Nan = (g +€2n)e1, Nany1 = (bo+€2441)e1
=
with e; =(1,0,...,0)" € RP. Moreover, A and B are the p X p companion matrices

al az cen a b1 b2 cee a

p p
1 0 -+ 0 1 0 - 0
A= , B =
0o .o 0 .o
0 0 1 O 0 0 1 0

This process is a direct generalization of the symmetric BAR(p) process studied by Huggins, Basawa
and Zhou [10; [14]. One can also observe that, in the particular case p = 1, it is the asymmetric
BAR process studied by Guyon [|5; [6]]. In all the sequel, we shall assume that E[X 1§] < oo for all
1 <k <2P~! —1 and that matrices A and B satisfy the contracting property

B = max{||All, |IB]|} < 1,
where ||A|| = sup{||Au||, u € R? with ||u|| = 1}.

As explained in the introduction, one can see this BAR(p) process as a pth-order autoregressive
process on a binary tree, where each vertex represents an individual or cell, vertex 1 being the
original ancestor, see Figure|1|for an illustration. For all n > 1, denote the nth generation by

G,={2",2"+1,...,2"" —1}.
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Figure 1: The tree associated with the bifurcating auto-regressive process.

In particular, Gy = {1} is the initial generation and G; = {2,3} is the first generation of offspring
from the first ancestor. Let G, be the generation of individual n, which means that r,, = log,(n).
Recall that the two offspring of individual n are labelled 2n and 2n+ 1, or conversely, the mother of
individual n is [n/2]. More generally, the ancestors of individual n are [n/2],[n/2%],..., [n/2"™].
Furthermore, denote by

n
Tn = U Gk
k=0
the sub-tree of all individuals from the original individual up to the nth generation. It is clear
that the cardinality |G,| of G, is 2" while that of T,, is |T,| = 2"*! — 1. Finally, we denote by

T,, = {k € T,k > 2P} the sub-tree of all individuals up to the nth generation without T,_;. One
can observe that, foralln>1, T, o =T, and, forallp > 1, T, , = G,,.

3 Least-squares estimation

The BAR(p) process (2.1) can be rewritten, for all n > 2P, in the matrix form
Z,=0'Y,+V, (3.1)

where
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and the (p + 1) x 2 matrix parameter 9 is given by

ap by
0= a b‘l
a, by

Our goal is to estimate 0 from the observation of all individuals up to the nth generation that is
the complete sub-tree T,. Each new generation G,, contains half the global available information.
Consequently, we shall show that observing the whole tree T, or only generation G, is almost the
same. We propose to make use of the standard LS estimator §n which minimizes

1
— _ oty (12
AO=5 D 1Z—0TlP.
kETn—l,p—l
Consequently, we obviously have for all n > p

0.=SY . vz, (3.2)

keTn—l,p—l

where the (p + 1) x (p + 1) matrix S,, is defined as
1 Xt
Sn ke; VY ) Z ( Xp XXt ) '
n,p—1 ETn,p—l
In the special case where p =1, S, simply reduces to
_ T X
keT,

In order to avoid useless invertibility assumption, we shall assume, without loss of generality, that
foralln > p —1, S, is invertible. Otherwise, we only have to add the identity matrix I, to S,. In

all what follows, we shall make a slight abuse of notation by identifying 6 as well as §n to

(@) (a(?,n\

)

) Q

a —~
P and vec(6,) = P
bO,n

vec(6) = b
0

\b:p/ \E;,nj

The reason for this change will be explained in Section[4 Hence, we readily deduce from (3.2) that

-~

6, = @Sy 3 vee(viz)

keTn—l,p—l
Xok
- X1 Xok
= (I,®S!)
2271 keTZ Xokt+1

n—1,p—1
X Xokt1
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where ® stands for the matrix Kronecker product. Consequently, it follows from (3.1) that

-0 = 1L®sSY) Y vee(nVy)

kETnfl,pfl
Eak
_ €91 X
= (1L,®S) Z kS (3.3)
€2k+1
k€T,_1p-1 X
Eok+14%

Denote by F = (&,,) the natural filtration associated with the BAR(p) process, which means that %,
is the o-algebra generated by all individuals up to the nth generation, &, = 0{X;,k € T,}. In all
the sequel, we shall make use of the five following moment hypotheses.

(H.1) One can find o2 > 0 such that, for all n > p — 1 and for all k € G, ;, & belongs to L? with
Elex|Z,] =0 and E[8£|9n] =02 a.s.
(H.2) It exists |p| < o2 such that, for all n > p — 1 and for all different k,I € G, with [k/2] =

[L/2],
Elere|Z,] =p a.s.

Otherwise, &, and ¢; are conditionally independent given %,,.

(H.3) Foralln>p—1 and for all k € G,,,,, & belongs to L* and

sup sup E[s,‘{‘lﬂn] <00 a.s.
nzp—1keG, 4

(H.4) One can find t* > 0 such that, for all n > p — 1 and for all k € G,
E[e,‘(‘lﬁn] =7t a.s.
and, for v2 < 74 and for all different k,1 € G,,,; with [k/2] = [1/2]

2 2 2
Ele5 €541 Fn]l =V a.s.

(H.5) Foralln>p—1 and for all k € G, & belongs to L8 with

sup sup E[EEIQTH] <00 a.s.
n=p—1keG,q

Remark 3.1. In contrast with [14]], one can observe that we do not assume that (&5,,€9,41) IS @
sequence of independent and identically distributed bi-variate random vectors. The price to pay for
giving up this iid assumption is higher moments, namely assumptions (H.3) and (H.5). Indeed we need
them to make use of the strong law of large numbers and the central limit theorem for martingales.
However, we do not require any normality assumption on (€q,, €9n41)- Consequently, our assumptions
are much weaker than the existing ones in previous literature.
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We now turn to the estimation of the parameters o2 and p. On the one hand, we propose to estimate
the conditional variance o by

1 —~ 1
o, = E Vi lI°= E €5, +¢€ 3.4
n 2|Tn—1| || k || 2|Tn—1| ( 2k 2k+1) ( )

keTﬂ*l,p*l keTnfl,pfl

where for all n > p — 1 and for all k € G,,, th = (€9k, E9x41) With

—~ _ —~ p —~

€2k = Xox — dQop — i=1 QinX| 5

~ _ T P T

e+ = Xokyr — bon = 2uimg DinX[_k -
=

One can observe that, on the above equations, we make use of only the past observations for the
estimation of the parameters. This will be crucial in the asymptotic analysis. On the other hand, we
estimate the conditional covariance p by

. 1 o
Pn= IT | Z €2k E2k+1- (3.5)
n-1 kETn,Lp,l

4 Martingale approach

In order to establish all the asymptotic properties of our estimators, we shall make use of a martin-
gale approach. It allows us to impose a very smooth restriction on the driven noise (¢,) compared
with the previous results in the literature. As a matter of fact, we only assume suitable moment
conditions on (&,) and that (€5, £5,41) are conditionally independent, while it is assumed in [[14]
that (€5, €2n41) is @ sequence of independent identically distributed random vectors. For all n > p,
denote

€2k
M. = €k Xy c R2(+D)
n E .
Eok+1
keTn—l,p—l k+X
Eok+18k

Let 3, =1, ®S,,, and note that Z;l =1, ® S;l. For all n > p, we can thus rewrite (3.3) as
6,—0=x1M, (4.1)

The key point of our approach is that (M,,) is a martingale. Most of all the asymptotic results for
martingales were established for vector-valued martingales. That is the reason why we have chosen
to make use of vector notation in Section [3| In order to show that (M,) is a martingale adapted
to the filtration F = (%,,), we rewrite it in a compact form. Let ¥, = I, ® ®,, where &, is the
rectangular matrix of dimension (p + 1) x §,, with 6, = 2", given by

®, = :
in in_;’_]_ e X2n+1_1

2498



It contains the individuals of generations G,_,,; up to G, and is also the collection of all Yy, k € G,,.
Let &, be the random vector of dimension 6,

[ezn\

€142

€2n+1_2
En =

€141
€143

\ 8211-;1_1 j

The vector &,, gathers the noise variables of generation G,,. The special ordering separating odd and
even indices is tailor-made so that M,, can be written as

n
Mn = Z \Ijk—lék'
k=p

By the same token, one can observe that

n n
Su= >, B! and Ta= ), Wt
k=p-1 k=p-1

Under (H.1) and (H.2), we clearly have for alln > 0, E[&,,1|Z,] =0 and ¥, is Z,-measurable. In
addition, it is not hard to see that for all n > 0, E[£,,11&};|Z,] =T ® I5, where I is the covariance

matrix associated with (&4, £9,,41)
o2 p
I'= .
p o’

We shall also prove that (M,,) is a square integrable martingale. Its increasing process is given for
alln>p+1by

n—1 n—1
M>= D BRIV =T® » &0, =I®S, ;.
k=p—1 k=p—-1

It is necessary to establish the convergence of S, properly normalized, in order to prove the asymp-
totic results for the BAR(p) estimators 5,1, 8§ and p,,. One can observe that the sizes of ¥, and &,
are not fixed and double at each generation. This is why we have to adapt the proof of vector-valued
martingale convergence given in [4] to our framework.

5 Main results

We now state our main results, first on the martingale (M,,) and then on our estimators.
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Proposition 5.1. Assume that (&,) satisfies (H.1) to (H.3). Then, we have

. Sy
lim =1L a.s. (5.1)

n—oo |T,|

where L is a positive definite matrix specified in Section |7}

This result is the keystone of our asymptotic analysis. It enables us to prove sharp asymptotic
properties for (M,,).

Theorem 5.1. Assume that (&,,) satisfies (H.1) to (H.3). Then, we have

Mz~ M, = a(n) as. (5.2)

n“n-1"n
In addition, we also have
18
lim — » M{Z ' M, =2(p+1)o? as. (5.3)

n—oo n =

Moreover; if (g,,) satisfies (H.4) and (H.5), we have the central limit theorem

1 L
—M, — #(0,T®L). (5.4)
V |Tn—1|

From the asymptotic properties of (M,,), we deduce the asymptotic behavior of our estimators. Our

first result deals with the almost sure asymptotic properties of the LS estimator 5n.

Theorem 5.2. Assume that (&,,) satisfies (H.1) to (H.3). Then, §n converges almost surely to 0 with
the rate of convergence

~ log|T,,_
18, -6 |2=0 (M) @s. (5.5)
|Tn—1|
In addition, we also have the quadratic strong law
1< ~ ~
lim —Z T, 116 — 0)'A(B, — 0) = 2(p + 1> as. (5.6)
n—o0 n )

where A =1, ® L.

Our second result is devoted to the almost sure asymptotic properties of the variance and covariance
estimators 0> and p,,. Let

1 1
2 2 2
o= — E (e5, +¢ ) and p, = E €91 €%t
n 2T, | 2k T T2kt " Tl *

keT,_1, k€T,_1p

Theorem 5.3. Assume that (&,,) satisfies (H.1) to (H.3). Then, 8§ converges almost surely to o.
More precisely,

.1 ~ ~
’}erolo - ) Tz: (& — €21)* + (Enpes1 — Eakr1)? = 2(p + 1)0? a.s. (5.7)
€ n—1,p
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lim T nl
n—o00

(o — (72) =2(p+1)o? a.s. (5.8)

In addition, p,, converges almost surely top

T}Lngo - Z (&ak — e21)(Eapy1 — E2k+1) = (P + 1)p a.s. (5.9)
k€T,_1p
| T, |
lim —(pn pPn)=2(p+1)p as. (5.10)

Our third result concerns the asymptotic normality for all our estimators 6,,, Efﬁ and p,,.

Theorem 5.4. Assume that (&,) satisfies (H.1) to (H.5). Then, we have the central limit theorem

VT8, - ) 5 40, T @ 1) (5.11)
In addition, we also have
L 4 —20% 42
— 52 = - -
V1T 1162 - 02) JV(O, > ) (5.12)
and -
VT 118, — p) — A(0,v* — p?). (5.13)

The rest of the paper is dedicated to the proof of our main results. We start by giving laws of large
numbers for the noise sequence (&,) in Section[f] In Section [7, we give the proof of Proposition
Sections |8} [9] and [L0| are devoted to the proofs of Theorems and 5.4} respectively. The more
technical proofs, including that of Theorem are postponed to the Appendices.

6 Laws of large numbers for the noise sequence
We first need to establish strong laws of large numbers for the noise sequence (&,). These results

will be useful in all the sequel. We will extensively use the strong law of large numbers for locally
square integrable real martingales given in Theorem 1.3.15 of [[4].

Lemma 6.1. Assume that (&,,) satisfies (H.1) and (H.2). Then

lim IT f Z g =0 as. 6.1)

In addition, if (H.3) holds, we also have

lim g2 =o? a.s. (6.2)
and 1
lim EokEoky1 =P a.s. (6.3)
n—-+o0o |’IFn_1| ke,ﬂ,gp_l +
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Proof: On the one hand, let

We have
APn-i—l = Ip4 _Pn= Z Eg-
keGn+1
Hence, it follows from (H.1) and (H.2) that (P,) is a square integrable real martingale with increas-
ing process

n
<P>,=(0%+p) D IG¢| = (02 + p)(IT,| = IT,_, ).
k=p
Consequently, we deduce from Theorem 1.3.15 of [4] that P, = o(<P >,) a.s. which implies (6.1).
On the other hand, denote
L

kl IEGk

2

where e, = ¢ — o2. We have

1
AQui1=Qut1 —Qp=175—

€.
|Gn+1 | kEGn+1

First of all, it follows from (H.1) that for all k € G, 1, E[ex|Z,] = 0 a.s. In addition, for all different
k1 € Gy with [k/2] # [1/2],

Elere|Z,] =0 a.s.
thanks to the conditional independence given by (H.2). Furthermore, we readily deduce from (H.3)
that

sup sup E[eiIﬁn] < 00 a.s.
n>p—1keGy,

Therefore, (Q,,) is a square integrable real martingale with increasing process

n
1
<Q>, < 2 sup sup E[eizl,%c]g G At
i |G,

p—1<k<n—1i€Gj4;

< 2 sup sup E[eiz"gk]i(%)j
j=p

p—1<k=<n—-1i€Gy4q

< 2 sup sup E[eizlg'k] <00 a.s.
p—1<k<n—1i€Gy4q

Consequently, we obtain from the strong law of large numbers for martingales that (Q,,) converges
almost surely. Finally, as (|G,|) is a positive real sequence which increases to infinity, we find from

Lemma [A.T]in Appendix [A] that

2”: Z e; = o(|G,]) a.s.

k=pieGy
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leading to

ZZe =o(|T,|) a.s.

—p lEGk
as |T,| —1 = 2|G,|, which implies (6.2). We also establish (6.3) in a similar way. As a matter of

fact, let
Z

Then, (R,,) is a square integrable real martingale which converges almost surely, leading to (6.3)). O

Z (£2:€2i11 — P)-

Cral

Remark 6.2. Note that via Lemma

1
lim Z Eop = lim Z €oks1=0 as.
n—+00 |G | reo, n——+oo |(G} | ey
Z 82k o?, Z Eok+1 = as.
n—>+oo |G | reo. n—>+oo |(G‘T | reo.

In fact, each new generation contains half the global available information, observing the whole tree T,
or only generation G, is essentially the same.

For the CLT, we will also need the convergence of higher moments of the driven noise (¢,,).

Lemma 6.3. Assume that (¢,,) satisfies (H.1) to (H.5). Then, we have

E ek =14 a.s.
n—>+oo |T | =
and 1
2 2 V2
HETOO T, | E : ko1 = a.s.
n= kETn—lp 1

Proof : The proof is left to the reader as it follows essentially the same lines as the proof of
Lemma using the square integrable real martingales

IEG
and
n
1 2
Ry, = T Z (821821+1 ve)
k:p k-1 iEGk*l

Remark 6.4. Note that again via Lemma

Z =1%* and Z a.s.
n_>+oo |G | & Eok = n_)_,_oo |G | & Eok+1 =
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7 Proof of Proposition

Proposition is a direct application of the two following lemmas which provide two strong laws
of large numbers for the sequence of random vectors (X,,).

Lemma 7.1. Assume that (&) satisﬁ'es (H.1) and (H.2). Then, we have

= _mMm-1
lim ITI Z X =A=a(l, —A) e as. (7.1)

where @ = (ag + by)/2 and A is the mean of the companion matrices
_ 1

Lemma 7.2. Assume that (¢,,) satisfies (H.1) to (H.3). Then, we have

Z XX =4, a.s. (7.2)

n—>+oo | nl ke’]I‘

where the matrix { is the unique solution of the equation

1
(=T+ E(AeAf + B{BY)

_ 2 2 t 1 t tpt t tpt
T =(0°+a*)eje; + E(aO(Akel +e;A'A") + bo(BAe; +e;A'BY))
with a® = (a(z) + bg)/Z.

Proof : The proofs are given in Appendix [Al O

Remark 7.3. We shall see in Appendix A that
Z > crct
k=0 Ce{A;B}k

where the notation {A; B} means the set of all products of A and B with exactly k terms. For example,
we have {A;B}° = {I,}, {A;B}! = {A,B}, {A;B}*> = {A?,AB,BA,B?} and so on. The cardindlity of
{A; B}~ is obviously 2.

Remark 7.4. One can observe that in the special case p =1,

ZXk = E_ a.s.

,  a’+o’+22ab
ZX = — a.s.
where ) )
—  apa; + byb — a;+b — as+b
ap = Jod 0 1’ i 1’ pz= 1
2 2 2



8 Proof of Theorems[5.1 and [5.2]

Theorem is a consequence of Theorem The first result of Theorem is a strong law of
large numbers for the martingale (M,). We already mentioned that the standard strong law is
useless here. This is due to the fact that the dimension of the random vector &,, grows exponentially
fast as 2". Consequently, we are led to propose a new strong law of large numbers for (M,,), adapted
to our framework.

Proof of result li of Theorem For all n > p, let ¥, = MIEZI;EIMH where we recall that
£, =L, ®S,, so that &' =1, ® S, *. First of all, we have

Vg1 = ML E M = (M, + AM, ) 'S (M, + AM,4),

— -1 -1 -1
= M, %, 'M,+2M:% AM, 1+ AM; 5 ' AM, 4,

= ¥—-M{(Z ! -2 DM +2M! S TAM,  +AME ST AM, .
By summing over this identity, we obtain the main decomposition
’1/”+1 + vdn = % + %n-i-l + Wn-ﬁ-lﬁ 8.1

where
n
— -1 -1
Ay = MUS, - 5 OMy,
k=p
n n
Bua1 =2 MIT'AMyy;  and  #py = Y AME, N AM,.
k=p k=p

The asymptotic behavior of the left-hand side of (8.1) is as follows.

Lemma 8.1. Assume that (&,) satisfies (H.1) to (H.3). Then, we have

=(p+1)o? as. (8.2)

Proof: The proof is given in Appendix B. It relies on the Riccation equation associated to (S,,) and
the strong law of large numbers for (#,). O

Since (¥,) and (.«/,) are two sequences of positive real numbers, we infer from Lemma that
V41 = 0(n) a.s. which ends the proof of (5.2)). a

Proof of result (5.5) of Theorem [5.2} It clearly follows from (4.1)) that
Yy = (0, — 0)'S,1(6, - 0).

Consequently, the asymptotic behavior of §n — 0 is clearly related to the one of ¥,. More precisely,
we can deduce from convergence (5.1) that

Amin(Z
11m rmn( n) — A

n—co Ty

min(A) >0 a.s.
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since L as well as A = I, ® L are definite positive matrices. Here A,;,(A) stands for the smallest
eigenvalue of the matrix A. Therefore, as

~ v,
16, — 0> < ——=—,
" Amin(zn—l)

we use ((5.2) to conclude that

~ log|T, _
||9n—9||2=0’( ke ) =0’(M) a.s.
|Tn—1| |Tn—1|

which completes the proof of (5.5). O

We now turn to the proof of the quadratic strong law. To this end, we need a sharper estimate of the
asymptotic behavior of (¥4,,).

Lemma 8.2. Assume that (&,,) satisfies (H.1) to (H.3). Then, we have for all 6 > 1/2,

| My, [1>= o(IT;,—1|n®) as. (8.3)
Proof: The proof is given in Appendix C. O

A direct application of Lemma ensures that ¥, = o(n®) a.s. for all § > 1/2. Hence, Lemma
immediately leads to the following result.

Corollary 8.3. Assume that (&,,) satisfies (H.1) to (H.3). Then, we have
o,
lim — =(p+1)c? a.s. (8.4)
n

Proof of result (5.3) of Theorem 5.1} First of all, ./, may be rewritten as

n n

— try—1 -1 _ tw—1/2 -1/2
o, = E Mi(E -2 DM = E M{z PAE M
k=p k=p

where A, =Iyp41) — nl/2 2;121/_21. In addition, via Proposition

n—1 n

. n
nh_)ngo T | =A a.s. (8.5)
which implies that
. 1
nh_)ngo A, = EIZ(IH_D a.s. (8.6)

Furthermore, it follows from Corollary [8.3] that ./, = @(n) a.s. Hence, we deduce from (8.5) and
that

&, 1<

L= =) M= M |+0(1) a.s. (8.7)

n 2n k-1
k=p

2506



and convergence (5.3) directly follows from Corollary|[8.3] O
We are now in position to prove the QSL.

Proof of result of Theorem The QSL is a direct consequence of (5.3) together with the
factthat 8, — 0 = Z;}an. Indeed, we have

1< 1¢h ~ ~
Sy MITIMe =~ (8= 0)' T 18— 0)
k=p k=p

Lik—1

CR:)
ITes|

18 ~ .
= = Tl - 6)
n
k=p

1< —~ ~
= - D Tkl (B — ) AB — 6) + (1) a.s.
k=p

which completes the proof of Theorem O

9 Proof of Theorem

The almost sure convergence of 8,21 and p,, is strongly related to that of V, — V.
Proof of result (5.7) of Theorem 5.3} We need to prove that

1 ~
lim = Z IV = Vil = 2(p + 1)o2 a.s. 9.1)
n—oo n

kETn—l,p—l

Once again, we are searching for a link between the sum of ||V, — V,|| and the processes (.«/,) and
(#,) whose convergence properties were previously investigated. For all n > p, we have

Z Ve = Viell® = Z (Eak — £21)* + (a1 — E2141)%
keG, keG,

= (§n - e)t\ljn\p;(é\n —0),

= Mz lwweinlMm,

n“~n-1 n~n-1
_ tw—1/2 —-1/2
- ann—l Ale}n—l Mn’

where

A= Pw w2 =y 5 yn

n“~n-1 n—1 n—1
Now, we can deduce from convergence (8.5) that

nango An = IZ(p-i—l) a.s.
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which implies that

SV~ Vil? =M,§z;}1Mn(1+o(1)) a.s.
keG,

Therefore, we can conclude via convergence (5.3) that
o1
lim — Z 1V = Viell* = lim — ZMk LM =2(p + 1)o? a.s.

n—oo n

ke?l‘n,l,p 1

Proof of result (5.8) of Theorem First of all,
1

Gi-on = P AIAD)
len—ll keTn—lp—l
1 ~ ~
= Z (Vi = Vill® + 2(Ve = Vi) Vi) -
lenfll keTn—lp—l

Set

n

D Ge=vde=2 Y -V

k€T, 1,1 k=p i€Gy_;

We clearly have
APyyy =Py — P = Z (Ve — Vk)tvk'
keG,
One can observe that for all k € G,,, Vi, — V; = (I, ® ¥;)'(6 — §n) which implies that V, — Vj is
Z,-measurable. Consequently, (P,) is a real martingale transform. Hence, we can deduce from the
strong law of large numbers for martingale transforms given in Theorem 1.3.24 of [4] together with

(9.1) that
Po=o| X, G-V |=om)  as.
kETn—l,p—l

It ensures once again via convergence (9.1) that

1 ~
lim M( —02)— 111n - Z Vi — Vil = 2(p + 1)0? a.s.
n—oo n o n

keTn—l,p—l

We now turn to the study of the covariance estimator p,. We have

1

Pn—pPn = T | Z (EarBart1 — E2k€2k+1)s
n—1 keT,—1p-1
1
= 7 Z (&2 — €21 ) (Eapg1 — E2k41) + 75—
| Tl—ll keT |Tn 1|
n—1,p—1

where
Q,= Z (&2 — €a1)€2k+1 + (Eoky1 — Eokr1)E2k = Z (Vi = Vi)' oV

kETnfl,pfl keTnfl,pfl
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with
01
Jz_(l O).

Moreover, one can observe that J,I'J, = I'. Hence, as before, (Q,,) is a real martingale transform
satisfying

Qu=o| D IW-WIP|=0m)  as

keTn—l,p—l
We will see in Appendix D] that
.1 ~ ~
lim = Y (=)@ — i) =P+ 1Dp  as. 9.2)
n—oo n
keTn—l,p—l
Finally, we find from (9.2) that
. ATal
lim (Pn—pP)=2(p+1p a.s.
n—oo0 n
which completes the proof of Theorem [5.3 O

10 Proof of Theorem

In order to prove the CLT for the BAR(p) estimators, we will use the central limit theorem for
martingale difference sequences given in Propositions 7.8 and 7.9 of Hamilton [8]].

Proposition 10.1. Assume that (W,,) is a vector martingale difference sequence satisfying

(a) For all n>1, E[W,W,]=Q, where Q,,is a positive definite matrix and

1 n
lim — E Qk =0
n—oo n
k=1
where Q is also a positive definite matrix.

(b) For all n > 1 and for dll i, j,k,1, E[W;,W;, Wi, W;,,] < oo where W;, is the ith element of the
vector W,,.

(c) i
1
= waw! P
=

Then, we have the central limit theorem

1 & L
— > W, — 4(0,Q).
i
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We wish to point out that for BAR(p) processes, it seems impossible to make use of the standard CLT
for martingales. This is due to the fact that Lindeberg’s condition is not satisfied in our framework.
Moreover, as the size of (£,,) doubles at each generation, it is also impossible to check condition (c).
To overcome this problem, we simply change the filtration. Instead of using the generation-wise
filtration, we will use the sister pair-wise one. Let

Y, = 0{X1, KXo, Xok11), 1 <k=<n}

be the o-algebra generated by all pairs of individuals up to the offspring of individual n. Hence
(€9n, Eong1) 1S 9Y,-measurable. Note that ¥, is also the o-algebra generated by, on the one hand, all
the past generations up to that of individual n, i.e. the r,th generation, and, on the other hand, all
pairs of the (r,, + 1)th generation with ancestors less than or equal to n. In short,

g = a(gf‘rn U{(Xopoo Xapes1)> KEG,, k < n}).

Therefore, (H.2) implies that the processes (€2,, X915 €2n41> Xn€2n41)s (s%n + egn 1 202%) and
(€2n€2n41 — P) are Y,-martingales.

Proof of result (5.4) of Theorem [5.1} First, recall that Y, = (1,X,)". We apply Propositions [10.1]
to the ¥,-martingale difference sequence (D,,) given by

€2n
X, e
D, =vec(Y,V') = n=2n
" €2n+1
Xn£2n+1
We clearly have
2
€ E9n€
DDl = "2n 3 ey, Yl
E€an+1€2n  €9n41

Hence, it follows from (H.1) and (H.2) that
E[D,D!]=TQ®E[Y,Y'].

Moreover, we can show by a slight change in the proof of Lemmas|7.1]and [7.2] that

. 1 . ) 1
Jim Z E[DiD.] =T ® lim —E[S,] =T ®L,
Tl e w0 [T,

which is positive definite, so that condition (a) holds. Condition (b) also clearly holds under (H.3).
We now turn to condition (¢). We have

D>, DDL=T®S,+R,

keTn—l,p—l
where
2 2
g — 0 £91E -
R — 2% 2k€2k+1 — P QY. Y.
" Eok+162k — P Eapq — O Tk
k€T, 1p-1 2k+1
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Under (H.1) to (H.5), we can show that (R,,) is a martingale transform. Moreover, we can prove that
R, = o(n) a.s. using LemmalA.6|and similar calculations as in Appendix B where a more complicated
martingale transform (K},) is studied. Consequently, condition (c) also holds and we can conclude

that
1

1
e
|Tn—1| k€T,_1p—1 |Tn—1|

Proof of result (5.11) of Theorem We deduce from (4.1)) that

~ M
V |Tn—1|(9n - 9) = |Tn—1|2;21—n~
V |Tn—1|

Hence, (5.11) directly follows from (5.4) and convergence (8.5) together with Slutsky’s Lemma. O

M, AW(O,F@L). (10.1)

Proof of results (5.12) and (5.13) of Theorem|[5.4; On the one hand, we apply Propositions[10.1
to the ¥,-martingale difference sequence (v,,) defined by

v, = e%n + 8§n+1 — 202,
Under (H.4), one has E[vs] = 27% — 40* 4+ 2v? which ensures that

1

=00 ||

Z E[vf] =21*—40*+2v2 > 0.

keT, -1

Hence, condition (a) holds. Once again, condition (b) clearly holds under (H.5), and Lemma
together with Remark[6.4] imply condition (¢),

1
lim vZ =21%—40% 4 2v2 a.s.
=0 [T ke%l ¢
Therefore, we obtain that
1
R Z Vi =2¢/|T,411(0% — 0?) £, N(0,27% — 40* +2v2). (10.2)
vV ITn—llke'JI‘n,Lp,l

Furthermore, we infer from (5.8) that
lim /|T,11(6%2—02)=0 a.s. (10.3)
n—o00

Finally, (10.2) and (10.3) imply (5.12). On the other hand, we apply again Proposition to the
%,-martingale difference sequence (w,,) given by

Wn = €on€ont1 — P-

Under (H.4), one has E[w?] = v* — p? which implies that condition (a) holds since

Z ]E[Wi] =v2_p2>0.

k€T, p_1

lim
n—oo |T,|
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Once again, condition (b) clearly holds under (H.5), and Lemmas|[6.1] and [6.3]yield condition (c),

1
lim Z w,% =v2-p? a.s.

Consequently, we obtain that

wie = |Th_11(pn — P) £> N(0,v2 - p?). (10.4)

1
V |Tn—1 | k€T,_1p-1

Furthermore, we infer from (5.10) that

nh_)rglo VIT—1l(Prn—pn) =0 a.s. (10.5)
Finally, (5.13) follows from (10.4) and (10.5) which completes the proof of Theorem 5.4} O

Appendices

A Laws of large numbers for the BAR process
We start with some technical Lemmas we make repeatedly use of, the well-known Kronecker’s
Lemma given in Lemma 1.3.14 of [4] together with some related results.

Lemma A.1. Let (a,) be a sequence of positive real numbers increasing to infinity. In addition, let (x,,)
be a sequence of real numbers such that

Then, one has

Lemma A.2. Let (x,) be a sequence of real numbers. Then,

1 1
lim Z X =X < lim Z X = X. (A1)

e |T”| keT, e |G”| keG,

Proof: First of all, recall that |T,| = 2""! — 1 and |G,,| = 2". Assume that

We have the decomposition,

Zxkz Z xk+2xk.

keT, keT,_4 keG,
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Consequently,

e |G | k<G,

2 1
X, = lim ——— X, — lim ———— X1,
n n—1

Conversely, suppose that

1
Yim oy 2% = JEEO|T|ZZXU

=01i€Gy

Lemma A.3. Let (A,) be a sequence of real-valued matrices such that Z;’ozo l|A,]| < oo and

n

fim ) A=A

In addition, let (X,,) be a sequence of real-valued vectors which converges to a limiting value X. Then,

n

lim An ka =AX. (AZ)

n—oo

k=0
Proof: For all n > 0, let

n
Un - ZAn_ka.
k=0

We clearly have for all integer ny with 1 < ngy <n,

lu, —ax|| = HZAn kxk—ZAkX S

k=n+1
< ZnAn ellIXe = X1+ Z lAlllX I,
k= n+l,
<Z||An ellIXie — X1+ Z Al = X1+ D AlllX L
k=ny+1 k=n+1

We assume that (X,,) converges to a limiting value X. Consequently, we can choose n, such that for
all k > ng, ||Xx — X|| < &. Moreover, one can find M > 0 such that for all k > 0, || X; — X|| < M and
|IX]| < M. Therefore, we obtain that

n

o0
U, —AX| < (ng+ DM sup Al +& D Al +M > A
kzn-no k=ng+1 k=n+1
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On the one hand

o0
sup [|Ail  and D0 Al
k=n-—n, k=n+1

both converge to 0 as n tends to infinity. On the other hand,

n

o0
D7 1Al D14, < 0.
n=0

k=n0+1

Consequently, ||U, — AX|| goes to 0 as n goes to infinity, as expected. O

Lemma A.4. Let (T,) be a convergent sequence of real-valued matrices with limiting value T. Then,

n

k= Ce{A;B}k

where the matrix
o0 1
— t
e_k,o_2k E kCTC
= Ce{A;B}

is the unique solution of the equation

1
(=T+ E(AﬂAt + B{BY). (A.3)

Proof: First of all, recall that 8 = max{||Al|, ||B||} < 1. The cardinality of {A; B}* is obviously 2*.

Consequently, if
n

UH=Z% > (T - T)C,

k=0~ cCe{A;B}*
it is not hard to see that

n

1 - _
101 = Y oz x 2% | = 7] = D 20 - 7]

k=0 k=0

Hence, (U, ) converges to zero which completes the proof of Lemma O

We now return to the BAR process. We first need an estimate of the sum of the ||X,||? before being
able to investigate the limits.

Lemma A.5. Assume that (¢,) satisfies (H.1) to (H.3). Then, we have

dIKdP=0(T,))  as (A4)

keT,,
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Proof: In all the sequel, for all n > 2P~1, denote A,, = A and A,,,; = B. It follows from a recursive
application of relation (2.2) that for all n > 2P~

'n—pP —p
%= (] A%z + Z (l_[A[zl )z (*5)
=0

with the convention that an empty product equals 1. Then, we can deduce from Cauchy-Schwarz
inequality that for all n > 2P~!

2

'n—P
’ ES) (] Z(l_[A[zl])
“p k1 2
< (Z ||A[;]||)||n[;]||)
k= l=0
" 2
< (gt
= =D
< ( /sk) (Zﬁklln[;]llz)
<

5 (Z B¥lngs ]uz)

Hence, we obtain that for all n > 2P,

rn—p 2

Xp = (l_[A[ka) ] +(l_[A["J) ]
< (Zﬁ I 2 ]”2) +28%PIX a2

D

Denote a = max{|ag|, |bo|} and X; = max{||X, ||,k < 2P~1'}. Summing up over the sub-tree Tp,p, We
find that
2 [&
PNEALESSY 5 D Billngsl | + D220 s u P
keT,, keT,, i=0 keT,,
< Z Z[a’ (@ +ey )+ D 260 P+U||x ol
ke’ﬂ‘ 21 keT,, e
<ip kZ P 2.
€T =0 keT i=0
Z ﬁZ(rk—p+1)’
keT,,
4P,  4a°Q, —2
< + +2X.R,, A.6
1 _ ﬁ 1 _ ﬁ 1°'n ( )



where

Z Z [518[22%], Q,= Z Z /51 Z [32(rk—p+1).

keT,, keT,, keT,,

The last two terms of (A.6)) are readily evaluated by splitting the sums generation-wise. As a matter

of fact,
k _
ZZ e ﬁ)éz = o(IT.), (A7)

k=p i€Gy

and

R, = Z DBt < Z(zﬁ)k = o(IT,)). (A.8)

—p lGGk

It remains to control the first term P,.. One can observe that ¢, appears in P, as many times as it has
descendants up to the nth generation, and its multiplicative factor for its ith generation descendant
is (23)". Hence, one has

n—ri

= > Z(zrs)l

keT,,

The evaluation of P, depends on the value of 0 < § < 1. On the one hand, if f = 1/2, P, reduces to

Z (n+1—rk)8k Z(n+1—k)2

keT,, ieGy

Hence,

Pn . L ((n +1- k)) Z
- 1-k
|Tn| +1 k=p 2m lEGk

However, it follows from Remark [6.2] that

Z Ek = O' a.s.

n—-+o0o |

keG
In addition, we also have
° ok
n ook:1 2

Consequently, we infer from Lemmal[A.3| that

n

lim =202 a.s. (A.9)
n—+o00 |Tn|

On the other hand, if § # 1/2, we have

- 1-(2B)" o 1 Y n—k+1 2
P X g g e e

keT,, i€Gy,
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Thus,

P, 1< Ikt ke 1 2
|Tn|+1_1—2/52((5) —h ) |Gk|Z£i '

k=p

Furthermore,

1 1 1 1
lim -2 ) ((5)k—f3"‘) =15

k=1
As before, we deduce from Lemma[A.3] that

P, o?

lim =
n—+0o |Tn| 1- ﬁ

Finally, Lemma follows from the conjunction of (A.6), (A.7), together with and
(A.10). O

. a.s. (A.10)

Proof of Lemma7.1]: First of all, denote

Hy= Y. X and Po= D &

k€T, ;-1 keT,,

As |T,| = 2" — 1, we obtain from Equation (2.2)) the recursive relation

H, = Hy i+ Y. (AkX[%]+nk),
keT,,

= H, ;+2AH, ; +2a(2" —2P e, + P,e; (A.11)

where e; = (1,0,...,0) €RP, @ = (ay + by)/2 and the matrix

- A+B
A= ——.
2
By induction, we deduce from (A.11)) that
H, H, , _H,, _,2"—2r"1 P,
on+l - on+l +tA on +a( on )el+ on+l €1,

— H, n_ H,_ 2k —op—1 P
— n—p+1_P~1 n—k p-1 —( ) k
= @+ kZ(A) (zkH +a( = )a+ siye |-
=p
We have already seen via convergence (6.1) of Lemma [6.1]that

n

nli)riloo T =0 a.s.
Finally, as ||A|| < 1,
o0 _ _ o0 _
D@ <o and (1, -A)7 =) (@A
n=0 n=0
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it follows from Lemma that

Hy -1
11m2 =a(I, —A) e a.s.

—

which ends the proof of Lemma O

Proof of Lemma : We shall proceed as in the proof of Lemma and use the same notation.
Let
Z XX and L,= Z €7
k€T, ,—1 keT,,
We infer again from (2.2]) that

t
K, = Kyt ). (Akxg +nk) (Akx[g]—knk)

keT

= K, + Ze,fele§+ > (At + BB

keT,,, k€T ,_1p—1
+ 2 (o endURA) + (B + et DUB) +2( + Lyese )

keTn—l,p—l

where Ui (A) = AXe| + e, XA and Uy(B) = BXye| + ¢;X; B'. In addition, = (a3 +b3)/2 and
Cor = (ap€gr + bo€gky1)- Therefore, we obtain that

K, 1( Ky, , K,
T =5 (A AU+ B o “BY |+ T, (A.12)
where
L —2n—2p1
I, = 2n11+a2( on ) Z Czk 6161
ke’ﬂ‘n 1Lp-1
1 Hn—l Ht Hn 1 Hrtl 1
+ E(aO(A Stel e — A ) 4 bo(B—tel + e —tBY)
1
t o Z (Ekuk(A)+52k+1Uk(B))-
k€T, 1p-1

The two first results (6.1) and (6.2) of Lemmal6.1|together with Remark|[6.2]and LemmaA.2|readily
imply that

im L = o2 a.s
n—-+oo 2Nn+1 -
and 1
nl_l)l_'l‘rloo E Z Czk =0 a.s.
k€T ,_1p—1

In addition, Lemma [7.1] gives

. Hn—l

lim =2 a.s.



Furthermore, denote
Uy = Z (Ekuk(A) + €2k+1Uk(B))-

kETn—l,p—l

For all u € RP, let U, (u) = u'U,u. The sequence (U,(u)) is a real martingale transform. Moreover,
it follows from Lemma [A.5] that

2

kETn—l,p—l

2 2
u'U Au| + [u'UBu| =a(T,)) a.s.

Consequently, we deduce from the strong law of large numbers for martingale transforms given in
Theorem 1.3.24 of [4] that U,(u) = o(|T,|) a.s. for all u € R? which leads to U, = o(|T,]|) a.s.
Therefore, we obtain that (T,,) converges a.s. to T given by

— 1
T =(0?+a®)eel + 5 (Akaoei + age; A'A" + BAbge) + boelltBt) .
Finally, iteration of the recursive relation (A.12)) yields
K

1
2n_-tl:2n—p+1 Z +Z Z CTn kCt

CG{A;B}”‘P“ k=0 Ce{A B}k

On the one hand, the first term on the right-hand side converges a.s. to zero as its norm is bounded
[3’2(”_?+1)||Kp_1||/ 2P, On the other hand, thanks to Lemma the second term on the right-hand
side converges to £ given by (A.3]), which completes the proof of Lemma . O

We now state a convergence result for the sum of ||X,,||* which will be useful for the CLT.

Lemma A.6. Assume that (&,) satisfies (H.1) to (H.5). Then, we have

DIt =0(T.)  as. (A.13)

keT,,

Proof : The proof is almost exactly the same as that of Lemma Instead of Equation (A.6), we
have

64P, 64a*Q,  —4
E IX, ||* < + +8X R,
L T a=-e?  a-p2 !
n,p

where
DI W R W I A W
keT,, 27] keT,, keT,,

We already saw that Q,, = 0(|T,|). In addition, it is not hard to see that R,, = &(|T,|). Therefore,
we only need a sharper estimate for u,. Via the same lines as in the proof of Lemma together
with the sharper results of Lemma 6.3 we can show that P, = &(|T,,|) a.s. which leads to (A.13). O
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B On the quadratic strong law

We start with an auxiliary lemma closely related to the Riccation Equation for the inverse of the
matrix S,,.

Lemma B.1. Let h, and ,, be the two following symmetric square matrices of order &,

h,=®!S 1@, and =051 &

n“n-17+n°

Then, the inverse of S, may be recursively calculated as

St=s1-81e,05 +1,)'®.s ! (B.1)

n“n-1°
In addition, we also have (Is, —h,)(Is +1,) =15, .
Remark B.2. If f, = V!X -1 it follows from Lemma |B. 1| that
nl=nl —n v (I — f)PE (B.2)
Proof : As S, = S,_; +®,®!, relation (B.1) immediately follows from Riccati Equation given e.g. in
[4] page 96. By multiplying both side of (B.1])) by ®,, we obtain
ste, = S8, -510,(05 +1,) ',
= S;_llq)n - S;_114>n05n + ln)_l(lén + ln - Iﬁn)a
= $ &5 +1,)7"
Consequently, multiplying this time on the left by ', we obtain that
hy = L +1) " =, +15, —15 )5 +1,)7",
=I5, — (5, +1)7"
leading to (I5, — h,,)(I5, +1,) =15, . O
In order to establish the quadratic strong law for (M,,), we are going to study separately the asymp-
totic behaviour of (#,,) and (4,,) which appear in the main decomposition (8.1)).

Lemma B.3. Assume that (¢,,) satisfies (H.1) to (H.3). Then, we have

.1 2
lim —%, =20 a.s. (B.3)

n—+o0o n
Proof : First of all, we have the decomposition #,,,1 = Z,,11 + Z,+1 Where
nOAME ATIAM

k+1
‘%H—l = Z |T | >
k=p k

L AM (TS = ATDAMy

%n+1 = Z |Tk|

k=p
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We claim that 1
lim -7, =(p+1)c? a.s.

n—+o00 n
It will ensure via (8.5) that &, = o(n) a.s. leading to (B.3). One can observe that J,,; =
tr(A_l/anHA_l/z) where
" AMy 1AM

Hn+1 :Z |Tk|

k=p
Our goal is to make use of the strong law of large numbers for martingale transforms, so we start by
adding and subtracting a term involving the conditional expectation of AH,,; given %,. We have

already seen in Section {4 that for all n > p — 1, E[AM, 1AM, ,|Z,] =T ® ®,%!. Consequently,
we can split H,,; into two terms

where

+1
K. =
n+1 Z |r]rk|

k=p
On the one hand, it follows from convergence (5.1) and Lemma [A.2] that

—T'® ¢!

$,0) 1
im == a.s.
nteo [T,| 2
Thus, Cesaro convergence yields
1 G Tedd, 1
lim - ———=-(I'®L a.s. B.4
n—+o n kZ: |Tk| 2( ) (B.4)

On the other hand, the sequence (K,,) is obviously a matrix martingale transform satisfying

r 1 X;
Z ij® X; XiXJt'

AKH+1 = KH+1 _Kn = |r]11 |
n+1l ;5
»J€G

where
Iy = ( €2i€2j — ]Ii:jU2 €2i€2j+1 — Li=jp ) ) '
€2i+182) — Limjp  €314182j41 — Lj=j0
For all u € R*P*D | let K, (u) = u'K,u. It follows from tedious but straightforward calculations,
together with (A.4), and the strong law of large numbers for martingale transforms given in
Theorem 1.3.24 of [4] that K,,(u) = o(n) a.s. for all u € R*P*V Jeading to K,, = o(n) a.s. Hence, we
infer from that

1 1
lim —H,==(C'®L) a.s. (B.5)
on
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Finally, we find from that

1 1
lim -7, = —tr(A"Y3*(T'®L)A?) a.s.
n—+o0o n 2
1
= Et_r((l"®L)A_1) a.s.

1

= 5tr(1‘®lp+1)=(p—|-1)(72 a.s.

which completes the proof of Lemma [B.3 O

Lemma B.4. Assume that (¢,,) satisfies (H.1) to (H.3). Then, we have
Bni1 =o0(n) a.s.
Proof : Recall that

n n
Brvs =23 M AV =23 M Wi
k=p k=p
The sequence (4,,) is a real martingale transform satisfying

ABpi1= Bny1 — Bn = 2Mr§2;1qln£n+l'

Consequently, via the strong law of large numbers for martingale transforms [4]], we find that either
(4,) converges a.s. or $B,,,1 = o(v,) a.s. where

n
Vo= > MES WU M,
k=p
However, for all n > 2P, v, Ut =1, ® ®,%" which implies that

n n
v, = kZM,gz,:l(Iz ® &, 5T M, = kZM,g(I2 ® S 19, BLS M.
=p =p

Furthermore, it follows from Lemma [B.1] that
Sit =St =510,(15 +1)eLS; >S5 e,8ls !

as the matrix [, is definite positive. Therefore, we obtain that
n
-1 -1
Vn = ZMIE(Zk—l — T M = .
k=p

Finally, we deduce from the main decomposition (8.1) that
Vi1 + o, =o(,) + 0(n) a.s.

leading to ¥,,, = 0(n) and .«/,, = 0(n) a.s. as ¥,,; and .«/, are non-negative, which implies in
turn that %, = o(n) a.s. completing the proof of Lemma [B.4} O

Proof of Lemmal(8.1]: Convergence (8.2)) immediately follows from (8.1)) together with Lemmas[B.3
and O
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C On Wei’s Lemma

In order to prove (8.3)), we shall apply Wei’s Lemma given in [[13]] page 1672, to each entry of the
vector-valued martingale

0 €9i
X‘Sz‘
ey ¥ | o
8 .
k=p i€Gy_, . 2i+1
i€2i4+1

We shall only carry out the proof for the first (p + 1) of M,, inasmuch as the proof for the (p + 1) last
components follows exactly the same lines. Denote

n n

Pn:Z Z €2 and Qn:Z Z Xi€y;.

k=pi€Gy_, k=pi€Gy_q

n
On the one hand, P, can be rewritten as P, = Z \ |G_1|vi where
k=p

1
Vh = —F/— Z E9i.
V |Gn—1| i€G,_q

We clearly have E[v,,1]|Z,] = 0, E[vﬁﬂlﬁn] = o2 a.s. Moreover, it follows from (H.1) to (H.3)
together with Cauchy-Schwarz inequality that

EVialZ] = |22 (317] + 15 |zZZE SACALICAES

i€eG,

A

3 sup E[sgilﬁ}l] a.s.
i€G,

which implies that supE[vi +11Zn] < +o0 a.s. Consequently, we deduce from Wei’s Lemma that for
alld >1/2,
Pf =o(|T,_;In%) a.s.

n
On the other hand, we also have Q,, = Z \ |Gr_1|w) where
k=p

1
W= —F— Z XiEZi'
V |Gn—1| i1€G,_4

It is not hard to see that E[w,|%,] = 0 a.s. Moreover, for all 1 < k < p, let w,(k) be the kth
coordinate of the vector w,,. It follows from (H.1) to (H.3) and Cauchy-Schwarz inequality that for
all1<k<p,

Ewnn(R)'12] < = lzZX‘*l Eleg,|7,]+ |@ 2
i€G, 1€G, ]75
2
< 3supE[e}|Z,] X2, a.s.
i€G, 2 |G |l§ 2—
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Hence, we obtain from Lemma that for all 1 < k < p, supE[w,;(k)*Z,] < 400 a.s. Once

again, we deduce from Wei’s Lemma applied to each component of Q,, that for all 6 > 1/2,
IQull* = 0(IT,—11n%)  as.

which completes the proof of (8.3).

D On the convergence of the covariance estimator

It remains to prove that

li ! £ £ =i Ru _ 1
m - Z (&2 — e21)(E2k1 = E2k41) = o (p+1p a.s.

n—oo n

keTnfl,pfl

where

Ro= Y. (G—V)'%Ll— V).

keTy_1p-1

It is not possible to make use of the previous convergence (9.1) because the matrix

0 1
J, =
is not positive definite. Hence, it is necessary to rewrite our proofs. Denote

¥ =M PO, @1, M,

n“~n-1
As in the proof of Theorem 5.2} we have the decomposition

,.j//

I gyl / /
n+1+“‘2fn_aj/1+‘%+1+w

n n+1

where
n
A= Y ML, (S, — ST My,
k=p

n
Bro = 2D MU, ®S5)AM1,
k=p

n
Wi = D, AML (L ®S AM,,.
k=p
First of all, via the same lines as in Appendix B, we obtain that
1 1 —141/2 —131/2
lim —%, = Etr((J2®L ) L)J,® L™) ) a.s.

n—+o0o N

1
= EfT(FJz ®L1)=(@+1p a.s.
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Next, () is a real martingale transform satisfying %, ; = o(n) a.s. Hence, we find the analogous

of convergence ((8.2)
V.,

lim 2+ “=(p+1)p a.s. (D.2)

n—-+oo

Furthermore, it follows from Wei’s Lemma that for all § > 1/2,
' 5
¥, =o(n°) a.s. (D.3)
Therefore, we infer (D.1)), (D.2) and (D.3)) that

1
lim —./, =(p+1)p a.s. (D.4)

n——+oo n

Finally, by the same lines as in the proof of the first part of Theorem 5.3} we find that

Ry
lim —=21lim —=2(p+1)p a.s.
n—oo n n—oo n
which completes the proof of convergence ((9.2). O
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