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We investigate the asymptotic behaviour of the recursive Nadaraya—Watson estimator for the estimation
of the regression function in a semiparametric regression model. On the one hand, we make use of the
recursive version of the sliced inverse regression method for the estimation of the unknown parameter
of the model. On the other hand, we implement a recursive Nadaraya—Watson procedure for the estima-
tion of the regression function which takes into account the previous estimation of the parameter of the
semiparametric regression model. We establish the almost sure convergence as well as the asymptotic
normality for our Nadaraya—Watson estimate. We also illustrate our semiparametric estimation procedure
on simulated data.

Keywords: semi-parametric regression; recursive estimation; Nadaraya—Watson estimator; sliced inver-
sion regression
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1. Introduction

The goal of this paper is to investigate the asymptotic behaviour of the recursive Nadaraya—
Watson estimator of the regression function f in the semiparametric regression model given, for
allk > 1, by

Y =f(0'X) + e, ey

where (X}) is a sequence of independent and identically distributed random vectors of R” and
the driven noise (&) is a real martingale difference sequence independent of (X;). We assume in
all the sequel that the unknown p-dimensional parameter 6 # 0. On the one hand, we make use
of the recursive version of the sliced inverse regression (SIR) method, originally proposed by
Li [1] and Duan and Li,[2] in order to estimate 6. On the other hand, we estimate the unknown
regression function f via a recursive Nadaraya—Watson estimator which takes into account the
previous estimation of the parameter 6. Our purpose is precisely to investigate the asymptotic
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behaviour of the recursive Nadaraya—Watson estimator of /. One can observe that single index
models have been extensively studied in the literature, see for instance Horowitz.[3]

We wish to point out that we propose two recursive estimation procedures for the estimation
of 6 and f. As matter of fact, in many practical situations, where the data come online with
relatively high speed, it is more convenient to implement recursive estimation procedure. It is
the case for high-frequency financial data where one should wait the best time to trade in the
stock market. It is also the case for real-time electricity data where it is important to forecast
electricity peak consumption times.

One can find a wide range of literature on nonparametric estimation of a regression function.
We refer the reader to [4—7] for some excellent books on density and regression function esti-
mation. In the classical situation without any parameter 0, the almost sure convergence of the
Nadaraya—Watson estimator [8,9] was proved by Noda [10] and its asymptotic normality was
established by Schuster.[11] Moreover, Choi et al. [12] proposed three data-sharpening versions
of the Nadaraya—Watson estimator in order to reduce the asymptotic bias in the central limit
theorem as well as the asymptotic mean-squared error. In our situation, we propose to make
use of a recursive Nadaraya—Watson estimator [13] of f which takes into account the previous
estimation of the parameter 6. It is given, for all x € R” and n > p, by

Y kmpr1 WY
ZZ:})+1 Wk (.X)

1 x—0_ X,
Wex) = —K (+> :
k k

where the kernel K is a chosen probability density function and the bandwidth (%,) is a sequence
of positive real numbers decreasing to zero, such that n#, tends to infinity. For the sake of sim-
plicity, we propose to make use of z, = 1/n* with « €]0, 1[. The main difficulty arising here is
that we have to deal with the recursive SIR estimator én of 6 inside the kernel K. Note that the
SIR estimator 6, in its recursive version is well defined for n > p since it is necessary to invert
the sample covariance matrix of the X;’s, see next section for details.

The paper is organized as follows. In Section 2, we recall some results on the recursive
SIR estimator 6,. Our main results on the asymptotic behaviour of fn are given in Section 3.
Under standard regularity assumptions on the kernel K, we establish the almost sure pointwise
convergence of fn together with its asymptotic normality. Section 4 contains some numerical
experiments on simulated data, illustrating the good performances of our semiparametric estima-
tion procedure. A conclusion is provided in Section 5. All the technical proofs are postponed to
Appendices 2 and 3.

fulr) = )

with

2. On the recursive SIR method

From the seminal work of Li [1] and Duan and Li [2] devoted to the SIR theory, we know that
the eigenvector associated with the maximum eigenvalue of the matrix X ~'T is collinear with
6 where ¥ = V(Xy) is positive definite, I' = V(E[X} | T(Y})]) and T is a slicing of the range
of Y} into H non overlapping slices sy, . .., sy. One can observe that since the link function f is
unknown in the semiparametric regression model (1), the parameter 6 is not entirely identifiable.
Only its direction can be identified without assuming additional constraints. Li [1] called effec-
tive dimension reduction (EDR), any direction collinear with 6. One can note that the notion of
EDR space was also clarified by Cook and his collaborators in their numerous papers introducing
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the notions of central subspace and central mean subspace, see for details Cook [14] or Cook and
Li.[15] Moreover, the SIR theory mainly relies on the so-called linearity condition (LC) which
imposes that for all b € RP, E[b'X} | 6'X;] is linear in 0'X;. It means that one can find o, 8 € R
such that

E[b'X; | 0'X:] = o + BO'Xe. (LC)

This condition is required to hold only for the true parameter 6. Since 0 is unknown, it is not pos-
sible in practice to verify it a priori. Hence, we can assume that (LC) holds for all possible values
of 6, which is equivalent to elliptical symmetry of the distribution of the identically distributed
sequence (Xj). Finally, Hall and Li [16] mentioned that (LC) is not a severe restriction because
(LC) holds to a good approximation in many problems as the dimension p of the regression vec-
tor X; increases. Chen and Li [17] or Cook and Ni [18] also provide interesting discussions on
the linearity condition.

The SIR estimates based on the first inverse moment have been studied extensively in the liter-
ature, see for instance Prendergast [19] or Szretter and Yohai [20] among others. In order to avoid
the choice of a slicing in SIR, pooled slicing, kernel or spline versions of SIR have been inves-
tigated, see for example Zhu and Yu,[21] Wu [22] or Azais et al. [23] Note that these methods
are hard to implement compared to the basic SIR approach and are often computationally slow.
Sparse SIR has been proposed, see for example Li and Nachtsheim.[24] Regularized versions for
SIR have also been proposed for high-dimensional covariates, see for instance Scrucca [25] or
Li and Yin.[26] Hybrid methods of inverse regression-based algorithms have been studied, see
for instance Zhu et al. [27]

However all these methods are not recursive. In the following, we will describe a recursive
way to obtain an EDR direction estimated with SIR approach.

In order to obtain a recursive version of an EDR direction estimated with SIR approach, we
need an analytic expression of the maximum eigenvector of £ !T". It is easily tractable when the
range of Y} is divided into two non overlapping slices s; and s,. Hereafter we shall assume that
H = 2. In this special case, it is not hard to see that I' = pz1z] + p2z22; where p, = P(Yy € sp,)
and z, = E[X} | Yk € s,] — E[Xk] with p, # 0 for h = 1,2. Moreover, it is straightforward to
show that the eigenvector associated with the maximum eigenvalue of £ ~'T" can be written as

0=3"(z —2),

see Appendix 1 for details. This vector @ is therefore an EDR direction. For the sake of simplicity,
we identify in all the sequel the EDR direction # with 6. Our purpose is now to propose an
estimator of the EDR direction 6. First of all, let us recall the non recursive SIR estimator 6, of
6 given by Nguyen and Saracco.[28] The estimator 6, can be easily obtained from the sample
X1, Y1),...,(X,, Y,) by substituting the theoretical moments by their sample counterparts. More
precisely, 6, is given by

én = 2:n_l(zl,n - ZZ,n)’ (3)
where
1 . N R
Ti==) K= X)X —X), =3 X “)
=1 k=1
and, for h = 1,2, 73, = my,, — X,, where
1 n n
My, = ZXkI{Ykesh}, Ny = Zlmah}- (5)
Mhn 2 =1

Next, we focus our attention on the recursive SIR estimator 6, of 6 proposed by Nguyen and
Saracco.[28] We split the sample into two parts: the subsample of the first (n — 1) observations
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X1, Y1),...,X,—1,Y,—1), and the new observation (X,,, Y,,). On the one hand, the inverse of the
matrix X, given by Equation (6) may be recursively calculated via the Riccati equation,[13]

_ n _ n

— ——E*ICDCDZI, 6
=170 (= D+ pp) ! ©

where p, = @/, En_fl ®, and ®, = X, — X,,_;. On the other hand, we can also obtain the recursive
form of z;,,,. As a matter of fact, we have for h = 1,2,

1 1 _
Zh*n—1 — _q)n + —ICI)h*’n ifh = h*,

Zhn = I M1+ 7
-1 — Zq)n otherwise,

where h* denotes the slice containing the observation Y, and ®j-, = X,, — my+ ,—1. We deduce
from Equations (6) and (7) that the recursive SIR estimator 8, is given by

~ n A n . ;A
p=—)bp-1 — —————% 9, P, 0,1
n—1 (n—1{m+ py)

(=D".n ~1 1 ~1 R
- - ——3 0,0 5 ) D (8)
(e + (0 —=1) n+ pn

Note that the recursive SIR procedure can only be used when n > p in order to have an initial
value for the inverse of X,_, the corresponding initial value of 9,1 | being given by Gn I.

The SIR estimators 6, and 6, share the same asymptotic properties, previously established in
[28], under the following classical hypothesis.
(H;): The random vectors (X}) are square integrable, independent and identically distributed and
X1, Y1),...,(X,,Y,) are independently drawn from Equation (1).

LEmMA 2.1  Assume that (LC) and (H,) hold. Then, én converges a.s. to 0,
« log(1
16, — 0> = O (—Og( Ogn)) as. 9)
n

In addition, we also have the asymptotic normality

Jn@®, —0) £> N, A), (10)

where the limiting covariance matrix A may be explicitly calculated.

Since this recursive SIR estimator is based on H = 2 slices, only one EDR direction can be
estimated. When we consider a number H of slices greater or equal to 3, it seems not possible to
obtain an analytical expression of the EDR direction, that is of the major eigenvector of £~!T
where

H
’
I'= thZhZh.
h=1

Bercu et al. [29] provided a recursive estimator of £~'T", but not of the corresponding major
eigenvector. They also proposed a new method called SIRoneslice that can be used when the
regression model is a single index model. The SIRoneslice estimator of the EDR direction is
based on the use of only one ‘optimal’ slice chosen among the H slices. They provided its
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recursive version and established some asymptotic results for the SIRoneslice approach. Good
numerical performances have been obtained on simulations and the main advantage of using
recursive versions of the SIR and SIRoneslice methods is clearly the gain in term of computing
times.

In this paper, we will show that the recursive SIR procedure based on H = 2 slices is clearly
faster than the standard SIR approach based on H = 2 slices. The reader can also find numerical
results on these comparisons in [28]. One explanation of this gain is certainly due to the recursive
calculation of the p x p matrix X! In Section 4, we provide the computing times for our pro-
posed estimator of f(6'x), based on the recursive SIR estimator of 6 and the associated recursive
Nadaraya—Watson estimator of f.

3. Main results
Our purpose is to investigate the asymptotic properties of the recursive Nadaraya—Watson esti-
mator f,, of the link function f given by Equation (2). First of all, we assume that the kernel K is a

positive symmetric function, bounded with compact support, twice differentiable with bounded
derivatives, satisfying

/K(x)dx:l and /Kz(x)dxzvz.
R R

Moreover, it is necessary to add the following standard hypothesis.
(Hy): The probability density function g associated with (X),) is continuous, positive on all R?,
twice differentiable with bounded derivatives.

(H3): The link function f is Lipschitz.
Our first result deals with the almost sure convergence of the estimator f;,.

THEOREM 3.1  Assume that (LC) and (Hy) to (H3) hold. In addition, suppose that the sequence
(X,) has a finite moment of order a > 2. Then, for any x € R, we have

lim f,(0) =f() as. (11)

More precisely, if the bandwidth (h,) is given by h, = 1/n®* with) < a < %,

ﬁm—ﬂm=owﬂ+oCWwE¥$2) as. (12)

while, if ; <a <1,

Fu®) = f(x) = OWn*"logn) + O (nl/“‘/@) a.s. (13)

Proof The proof is given in Appendix 2. |

Remark 3.1 1In the particular case where (X,,) is a sequence of independent random vectors of
R? sharing the same N\ (m, ) distribution where the covariance matrix ¥ is positive definite, we
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can replace n'/% by log n into Equations (12) and (13). Consequently, for any x € R, we obtain
thatif 0 < o < %,

fo@) —f() =O®m™) as.

while, if% <a<l,

Fa@) = f@) = OWn=Tlogn) ass.
The asymptotic normality of the estimator fn is as follows.

THEOREM 3.2 Assume that (LC) and (H,) to (H3) hold. In addition, suppose that the sequence
(X,) has a finite moment of order a = 6 and that the sequence (¢,) has a finite conditional
moment of order b > 2. Then, as soon as the bandwidth (h,,) satisfies h, = 1/n* with % <o <1,
we have for any x € R, the pointwise asymptotic normality

A r o212
Vb, (f,(x) — f(x) — N <0, m) , (14)

where h(6, x) stands for the probability density function associated with (6'X,,).

Proof The proof is given in Appendix 3. |

4. Numerical simulations

The goal of this section is to illustrate via some numerical experiments the theoretical results
of Section 3. We will provide the numerical behaviour of our recursive estimators combining
the recursive Nadaraya—Watson estimator of the link function f together with the recursive SIR
estimator of the parameter 6. First of all, we describe in Section 4.1 the simulated model used
in the numerical study and we present the estimation procedure, in particular the choice of the
bandwidth parameter « by a cross-validation criterion.

We compare in Section 4.2 the computing times of the four methods and we will observe that
the recursive procedures are the fastest ones as it was expected.

Then, we illustrate in Sections 4.3 and 4.4 the almost sure convergence and the asymptotic
normality of our recursive Nadaraya—Watson estimator of f.

4.1. Simulated model and estimation procedures
‘We consider the semiparametric regression model given, for all K > 1, by

Y =f(0'X)) + €, M)

where the link function f is defined, for all x € R, by

3x
f(x) =xexp (Z) .

The parameter 6 belongs to R” with p = 10 and it is given by

1
0 =——=(1,2,-2,-1,0,...,0).
/10
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3 -3 -2 -1 0 1 2 3
True index Estimated index

Figure 1. Scatterplots of {(0'X1, Y1), .., (0'X,,,Yy,)) (on the left) and {(é,;Xl, Yi),..., (é,’an, Y,)} (on the right), when
p =10, ¥ =1, and = 1000.

Moreover, (X;) is a sequence of independent random vectors of R” sharing the same N (0, ¥)
distribution, while (&) is a sequence of independent random variables with standard N(0, 1)
distribution, independent of (Xj). We consider two kinds of covariance matrix ¥ : ¥ = I, and
% = VV' 4+ 0.11, where the components vy of the p x p matrix V are generated from N (0, 0.3)
distribution. In Figure 1, we present two scatterplots for a sample of size n = 1000 generated
from model (M) with ¥ = I,,. On the left side, one can observe the data in the ‘true’ reduction
subspace, that is the scatterplot of (0’Xy, Y1), ..., (0'X,, Y,) based on the ‘true” EDR direction 6.
On the right side, we plot the data obtained from the estimated EDR direction 6, calculated via
our recursive SIR procedure, that is the scatterplot of (é,’lX LYD,. .., (ér’an, Y,). One can clearly
notice that the EDR direction has been well estimated.

For the recursive Nadaraya—Watson estimator fn of f, we have chosen the well-known
Epanechnikov kernel

K@) =31 —x)y=y)

and the bandwidth i, = 1/n* with 0 < o < 1. We now need to evaluate an optimal value for the
smoothing parameter «. The problem of deciding how much to smooth is of great importance
in nonparametric regression. We propose to make use of the optimal data-driven bandwidth o
which minimizes the cross-validation criterion

CV(@) = Y (Vi —¥ia)* where Yo = fio1 (0, X).
k=p+1

To illustrate the numerical behaviour of our proposed cross-validation criterion, we consider sim-
ulated samples of sizes n = 200, 500, 1000 and 2000 generated from model (M) with p = 10.
In Figure 2, we present the corresponding CV () criteria. We can observe that the CV (o) func-
tions are all convex and the corresponding optimal data-driven bandwidth « lies into the interval
[0.33, 0.38]. Consequently, in all Section 4, we have chosen the optimal value o = 0.35.

4.2. Comparison of computing times between non recursive and recursive procedures

In this part of the simulation study, we only focus on the computing times of two estimators: the
proposed recursive estimator and the corresponding non recursive one, based on usual SIR in the
first step and classical Nadaraya—Watson estimator in the second step.
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Figure 2. Examples of the cross-validation function CV(«) for the simulated sample of fixed sizes n = 200, 500, 1000
and 2000 generated from model (M) with p = 10.

For each method and for a given simulated sample of size n, we measure in seconds the
computing (CPU) time needed to calculate the corresponding estimators f,,(6,x) of f(6'x) for n

going from Ny = p 4+ 1 to N, where 6, and f,, are the estimators of f and 6 only based on the first
n observations of the sample. More precisely, the computing time is the global time needed to
calculate the N — Ny + 1 estimators: fn(Q x) fn(QN 4155 fn (GN %) and fn(ej’\,x)

For various values of p and N, we generate B =100 rephcated samples from model (M).
Then, for each method and each simulated sample, we estimate f(6'x) for 10 values of x, ran-
domly generated from the uniform distribution on [—1.5; 1.5}”, using the two above-mentioned
estimators.

In Table 1, we give the means of computing times evaluated on the B = 100 replicated samples
for different values of p = 5, 10, 25, 50 and N = 500, 1000 and 2000.

From the reading of Table 1, one can give the following comments. For both methods, not
surprisingly, the larger are the dimension p or the size N, the larger is the mean of computing
times. However the recursive approach clearly provides much smaller mean of computing times
in comparison with the non recursive approach. One explanation of this gain in term of comput-
ing time is certainly due to the recursive calculation of the p x p matrix ﬁln‘ !in the SIR step.
Note that when the dimension p increases, the computing time in mean of recursive method only
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slightly increases contrary to the non recursive one: for instance, the computing time is multi-
plied by around 2 from p =5 to p = 50 for the recursive approaches, whereas it is multiplied
by more than 5 for non recursive method. According to size N, the computing time increases
faster for the non recursive approach than for the recursive one (for which the computing time
is multiplied by two when the sample size doubles). To conclude, we clearly exhibit the great

Table 1. Mean of computing (CPU) times in seconds, over 3 = 100 replicated samples from the simulated model
(M) for different values of p and N, for calculating estimates f,,(é,;x) of £(8'x) (for n going from p + 1 to N) with our
proposed recursive method and the corresponding non recursive one.

p=>5 p=10 p=25 p =150
N =500 Recursive estimator 0.25 0.27 0.31 0.48
Non recursive estimator 1.52 1.88 3.31 7.44
N = 1000 Recursive estimator 0.51 0.52 0.63 1.02
Non recursive estimator 3.33 4.32 8.05 18.63
N = 2000 Recursive estimator 1.02 1.05 1.28 2.08
Non recursive estimator 7.88 10.77 21.95 51.38
n =200 n=2>500
o~ ’ o
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Figure 3. Almost sure convergence of f,l (é,’,x) to f(6'x) for 10 different values of x, when p = 10 and ¥ = I,.
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advantage of using the proposed recursive approach in terms of computing times: for instance for
high-dimensional data (p = 50 and N = 2000), the recursive approach is around 25 times faster
than the non recursive approach.

4.3. Almost sure convergence

The good numerical performances of the recursive SIR estimator 6, were already illustrated
in [28,29]. In order to keep this section brief, we only focus our attention on the almost sure
convergence of fn We generate N = 1000 samples of different sizes n = 200, 500, 1000, 2000
from model (M) with p = 10. For each sample and each kind of matrix X, we calculate the
estimation fn(é,’lx) of f(0'x) for 10 different values xi,...,x;o of x € R?, randomly generated
from the uniform distribution on [—1.5;1.5]'°. To obtain pleasant-looking graphics, we have
sorted the x;’s in ascending order according to their corresponding ‘true’ value f(0'x;), see the
red dots in Figures 3 and 4.

The boxplots of the f,l (é,’,xj)’s are respectively given in Figure 3 (resp. Figure 4) when ¥ =1,
(resp. when X = VV’ 4 0.11,,). Note that the red circle point in each boxplot which represents
the true value f(6'x;) allows us to easily judge the quality of the estimator. One can observe
that the dispersion of the f,, (0 'x)’s are small and the mean is very close to the true value f(6'x).
One can also notice that the larger is the sample size n, the greater is the quality measure. As it
was expected, the quality of the estimation decreases for large values of f (6'x) since the number
of observations around x decreases, see the scatterplots of Figure 1 to be convinced. Finally,

n =200 n=>500
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Figure 4. Almost sure convergence ofﬁl(é,’lx) to f(0'x) for 10 different values of x, when p = 10 and & = VV’ + 0.11,,.
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one can also observe that the form of covariance matrix ¥ does not impact the quality of the
estimates.

4.4. Asymptotic normality

In order to illustrate the asymptotic normality of our recursive Nadaraya—Watson estimator, we
generate N = 1000 realizations of fn (é,’,x) based on samples from model (M) for various values
of n = 500, 1000, 2000 and p = 5, 10, 20.

In Figure 5, we plot histograms of the standardized values of the fn (é;x)’s for one value x| of
x € R? randomly generated from the uniform distribution on [—1.5; 1.5]” with p = 10, various
sample sizes n = 500, 2000 and 5000, and two covariance matrices ¥ = I, and VV’ 4 0.1I,. On
each histogram, we add the curve of the standard normal density. One can clearly see that the

Z:Ip and n =500 =W+ O.HP and n=>500
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Figure 5. Asymptotic normality off,, (é,’,x) to f(8'x) with x = x; and p = 10, for various values of n = 500, 2000 and
5000 and £ =1, and VV' 4+ 0.11,,.



Downloaded by [Inria Rocquencourt] at 09:23 10 February 2014

12 B. Bercu et al.

Table 2. Mean over 10 different values of x of skewness and standardized kurtosis coefficients of the
distributions of the f, (6,x)’s, standard deviations are given in parentheses.

n =500 n = 1000 n = 2000
p=>5 Skewness 0.148 (0.102) 0.123 (0.087) 0.063 (0.056)
Kurtosis 0.139 (0.112) —0.077 (0.086) 0.078 (0.064)
p=10 Skewness 0.159 (0.125) 0.124 (0.099) 0.070 (0.066)
Kurtosis 0.159 (0.179) 0.084 (0.93) —0.053 (0.044)
p=20 Skewness 0.191 (0.167) 0.141 (0.104) 0.082 (0.081)
Kurtosis —0.148 (0.121) 0.095 (0.087) 0.073 (0.066)

normal density coincides pretty well with all the histograms as the sample size n increases.
This visually shows the asymptotic normality of our recursive Nadaraya—Watson estimator
Jooff.

Furthermore, to enforce understanding asymptotic normality, skewness and kurtosis of dis-
tribution of simulated estimator have been calculated and tabulated in Table 2 for the different
values of n and p and data generated from model (M) with X of the form VV’ + 0.1I,,. Note that
we used a standardized version of kurtosis such that the sample values of skewness and kurtosis
should be close to zero when the simulated sample is generated from a normal distribution. These
coefficients are theoretically equal to zero when they are defined as measures of the asymmetry
and the ‘peakedness’ of the probability distribution of a real-valued random variable.

For each values of n and p, we used 10 different values of x randomly generated from the
uniform distribution on [—1.5; 1.5]7. For each value of x, we calculate the corresponding sample
skewness and standardized kurtosis. Finally, for each pair (n, p), we calculate the mean and the
standard deviation of these 10 sample skewness (resp. kurtosis) coefficients. One can observe in
Table 2 that the mean values of skewness and standardized kurtosis are close to zero, the proxim-
ity to zero seems to increases with the sample size n and to slightly decrease with the dimension
p of the covariable. From these numerical results, we highlight the asymptotic normality of our
recursive Nadaraya—Watson estimate. Note that we obtain very similar results when data were
generated from model (M) with ¥ =1,

5. Conclusion

In this paper, the asymptotic behaviour of the recursive Nadaraya—Watson estimator for the esti-
mation of the regression function in a single index regression model has been investigated from
theoretical and numerical points of view. First, we use a recursive version of SIR for the esti-
mation of the unknown euclidean parameter of the underlying semiparametric regression model.
Then, we consider a recursive Nadaraya—Watson procedure for the estimation of the regression
function which takes into account the previous estimation of the parameter of the underlying
model. The almost sure convergence as well as the asymptotic normality for our Nadaraya—
Watson estimate have been established under standard regularity assumptions on the kernel. The
good numerical behaviour of the proposed estimation procedure has been illustrated on simulated
data. A major advantage of this recursive estimation procedure is that the recursive approach
clearly provides very smaller computing times in comparison with the non recursive approach.
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Appendix 1. Analytical expression of the EDR direction ]

Let us recall that § is the eigenvector of £ ~'T" associated with the non-null eigenvalue A when we consider H = 2 slices.
We assume in the following that 0 < p; < 1, s0 p = 1 — p; > 0. We clearly have

p1z1 +p2z2 = pimy +pamy — (p1 +p2)i = pimy +pamy —p=pn —pn=0. (A1)
Moreover, we already saw that

I'=pi212) + p222%. (A2)
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Clearly, the rank of the matrix I" is one. We will show that f=x"! (z1 — z2) is the major eigenvector of =~!T. From
Equation (A2), we get
g =37'rE "z — )
=gpiZ 'z —qupi 272 qep T — R o,

where g = z’]Z"lzl, @ = z’zE’IQ and gjp = z’IZ’IZQ = z’ZE’lzl. Moreover, from Equation (Al), we also have

P1q1 = —p2q12 et paga = —p1q12. Then, we easily deduce that
2700 = prgin= 7 @ — 2) + p1gnE @ - 21)
=—qI (2 —2).
Using once again Equation (A1), we find that

P1 _
—qin = —7, =7 1z.
P2

Finally, by denoting

1 _
A= p—z’lz L1,

p2

we obtain that ©~'T'6 = Af. The vector § is thus the eigenvector associated with the largest eigenvalue A of the matrix
=T,

Appendix 2: Proof of Theorem 3.1

In order to prove the almost sure pointwise convergence of Theorem 3.1, we shall denote for all x € R
n n
Pix) = Y Wie, N = Y Wi(x),
k=p+1 k=p+1
and
n
O = Y Wi (P1) = (x))
k=p+1
where ®, = 0'X,,. We clearly obtain from Equation (1) the main decomposition

Pp(x) + 0 (®)

() = f(x) Ny o) (A3)
We shall establish the asymptotic behaviour of each sequence (P, (x)), (Q,(x)) and (N, (x)). Let (F;,) be the filtration
givenby F, = o (Xy,...,Xn, Y1,...,Y,). First of all, we can split N, (x) into two terms,
Na@) = MM (x) + R (x), (A4)
where

n

MM @) = Y W) —EWe|Fier]) and RV () = Y EIWi ()| Fi1].
k=p+1 k=p+1

On the one hand, we have

1 x— é,;flx,,
]E[Wn(x) | ]:nfl] = 7/ K g(xn) dxrh
hn RP hn

‘We can assume without loss of generality that, for n large enough, at least one component of 6, is different from zero a.s.
As a matter of fact, we already saw from Lemma 2.1 that 6, converges a.s. to 6 which is different from the null vector.
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For the sake of simplicity, suppose that the first component GA,,_H # 0 a.s. We can make the change of variables

X — ér,hlxn
1=
h‘)L

and 22 = X2, ...,Zp = Xup. The Jacobian of this linear transformation is given by

J=—= o

0)171.1
Consequently, we obtain that
E[W,(x) | Fu-1]l = / K@h@y—1.x — zhy) dz, (A5)
R

where

h(Bp1,x) ! / ! ié dzy...d
n—1,X) = —% 8\ = X = n—1k%k | 5325 +-53p | 422...AZp.
[Op—1,1] JRA=T -\ Ot =

One can observe that /(6,x) is exactly the probability density function associated with the identically distributed
sequence (0'X,,). Therefore, as the probability density function g is continuous, twice differentiable with bounded
derivatives, we deduce from Equation (AS) together with Taylor’s formula that

E[W, () | Fuo1] = / K(2) (h(énfl,»o — 2l (Bye1,%)
R

212
Z°h N
+ T’lh// Op—1,x — Zhné)> dz,
2

A hn 2 A
= h(Gp-1,% + 2 )7 K(@h" (On—1,x — zhy§) dz,

where 0 < & < 1. Consequently, for n large enough,
IBIW, (0| F1] = h(@p1,2)| < MyT°hy,  as. (A6)

where

~ 1
My, = sup | (bp_i,x)| and 1> = - / K (x) dx.
xeR 2 Jr

Hence, we find from Equation (A6) that

n

Y EW@ | Fiol —h@Gr. 0l =0 [ Y i as

k=p+1 k=p+1

It follows from the continuity of / together with the fact that 6, converges to 6 a.s. and £, goes to zero that

1 n
lim = " E[Wi@)|Fi_1] =h(0.x) as. (A7)
nmeen k=p+1

which of course immediately implies that for all x € R

RV
lim —— =h(0,x) a.s. (A8)

n—00 n
On the other hand, (M,EN) (x)) is a square integrable martingale difference sequence with predictable quadratic variation

given by

MM @)y =" BIMN @) — MM @) Fir .
k=p+1

= Y BIW; )| Fi1] — EX[Wi (0| Fi1)).
k=p+1
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Via the same change of variables as in Equation (AS5), we obtain that

1 N
E[W2 ()| Fuei] = W fR K*(@h(@p—1,x — zhy) dz,

1 5 ~ ;oA zzh% oA
= RK @ AOn—1,2) = 2huh On1,2) + — =17 O, x = i) ) dz,
n
where 0 < £ < 1. Consequently, for n large enough,

2
‘E[W,%(x)mml—”—h(enfl,n < Myi’hy as. (A9)

h)l

where
1
v2=/K2(x)dx and = 7/‘x2K2(x)dx.
R 2 Jr

Hence, Equation (A9) ensures that

n

2

k=p+1

=0 i hi a.s.

2
v A
E[WZ (%) | Fie1] — )
k k=p+1

However, it is not hard to see that

, 1 N 1

im —— — = .
e 1+

n—o00 n ak:p+1hk 1+«

Therefore, it follows from Equation (A9) together with the almost sure convergence of h(é,,,x) to h(0, x) and Toeplitz’s
lemma that

n

lim E[W? — " e Al0
"g&"mka WE) | Fimt] = 7 h0.0) as. (A10)
=P

Furthermore, we also have from Equation (A6) that
1 n
lim ~ Y EAWi@)|Fi1] =1 0.x) as. (Al1)
n—-o00 n
k=p+1
Consequently, we deduce from (A10) and (A11) that for all x € R,

(MM (), v?
lim — T =
n—00 nlto 14+«

h(0,x) as. (A12)

We are now in position to make use of the strong law of large numbers for martingales given e.g. by Theorem 1.3.15
of Duflo.[13] As the probability density function g is positive on its support, we have for all x € R, (6, x) > 0, which

implies that (M M (X)) goes to infinity a.s. Hence, for any y > 0, (M,fm(x))2 = o(nl‘*"’(log n)'*7) a.s. which leads to
MM (x) = o) as. (A13)
Then, we obtain from Equations (A4), (A8) and (A13) that for all x € R

lim —= = h(0,x) as. (A14)

n—oo

Ny (x)
m
n
‘We shall now investigate the asymptotic behaviour of the sequence (P,(x)). Since (X,,) and (¢,,) are independent, (P, (x))

is a square integrable martingale difference sequence with predictable quadratic variation given by

n

(P@)n= Y EI(Pt(x) — P10 | Feal =0 Y EIWZ ()| Fi1].
k=p+1 k=p+1

Then, it follows from convergence (A10) that

(P, 0N
lim =
n—oo plto 14+«

h(0,x) as. (A15)
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Consequently, we obtain from the strong law of large numbers for martingales that for any y > 0 and that for all x € R,

P, (x) = o(y/n't2(ogn)1tV) = o(n) as. (A16)

It remains to study the asymptotic behaviour of the sequence (Q,(x)). We can split Q,(x) into two terms,
On(®) = Zn(x) + An(x), (AL7)
where &, = Ay’len,
n n
i)=Y W@ —f(@))  and A = Y Wi (D) —f ().
k=p+1 k=p+1

The right-hand side of Equation (A17) is easy to handle. As a matter of fact, the kernel K is compactly supported which
means that one can find a positive constant A such that K vanishes outside the interval [—A, A]. Thus, for all n > 1 and

all x e R,
1 x—0_ X
W,(x) = —K ("‘1"> I(\é’

Ty Iy 1 Xn—X|<Ahp}

In addition, the function f is Lipschitz, so it exists a positive constant Cy such that for all n > 1
(@) = f @] = Crlu =2l < Crlf_ X — xl. (A18)
Consequently, we obtain from Equation (A18) that for all x € R

n
1A <G Y W@ Xi — xl,
k=p+1

n
SACH Y Wi, (A19)
k=p+1
Moreover, via the same lines as in the proof of Equation (A7), we find that
: — 1
lim —— Y WEIWe ()| Fi1]l= ——h(0,x) as. (A20)
11—«

l—a
n—oo pn
k=p+1

Furthermore, denote

M® @) = 3" (We(x) — EIW ()| Fi1 D
k=p+1

One can observe that (Mn(A)(x)) is a square integrable martingale difference sequence with bounded increments and
predictable quadratic variation given by

n

MO @), = Y BIM 0 = M2 0)* |1 Fiil,
k=p+1

= Y WEW0|Fi-1] — BX[Wi (0| Fi-1)-

k=p+1

Hence, it follows from Equations (A6) and (A9) together with the almost sure convergence of h(é,,,x) to h(f,x) and
Toeplitz’s lemma that

(A) 2
fim MO VL6 as (A21)

n—soo  pl-o -«
Consequently, we obtain from the strong law of large numbers for martingales that

M® (x))*> = Om' " logn) as. (A22)



Downloaded by [Inria Rocquencourt] at 09:23 10 February 2014

18 B. Bercu et al.

Then, we infer from the conjunction of Equations (A19), (A20) and (A22) that for all x € R
A = O@' ™) as. (A23)

The left-hand side of Equation (A17) is much more difficult to handle. We can use once again the assumption that the
function f is Lipschitz to deduce that it exists a positive constant Cy such that for all n > 1

I (@n) = f(®)] < Crlal, (A24)
where 7, = (én, 1 — 0)'X,,. Hence, it immediately follows from Equation (A24) that for all x € R
n
1 < Cr Y Wil (A25)
k=p+1
Denote
Ay ={10,_1X, — x| <Ah,} and B, = {|0'X, — x| < Ahy + by}

where (b,) is a sequence of positive real numbers which will be explicitly given later. On the one hand, we immediately
have from the triangle inequality that on the set A, N B,

[7Tn| < 2Ahy + by.
On the other hand, we also have on the set A, N Bn,
Ahy + by < |0'Xy — x| < |7a] + |éy,,71Xn — x| < |mn| + Ahy,
which implies that || > b,. Consequently, we obtain from Equation (A25) that
n n n
IZa0 <24Cr Y MW +Cr Y bW +Cr Y W@ Ty by - (A26)
k=p+1 k=p+1 k=p+1
We already saw from Equation (A23) that
n
D MW =00 as. (A27)
k=p+1

Moreover, it is assumed that the sequence (X,) has a finite moment of order @ > 2 which ensures that

sup [IXcll = o(n'/%) as.
1<k<n

Consequently, we find from Lemma 2.1 that

|, = o(b,) as. (A28)

b _nl/a log(logn)
n = N T
n

where we can choose

Therefore, we clearly have

n

D W@y < 400 ass. (A29)
k=p+1

Furthermore, it is not hard to see that
n
> b= 0@""/nlog(logn)).
k=p+1
Hence, via the same lines as in the proof of Equation (A23), we obtain that

> BiWi(x) = O('/*\/nlog(logn)) a.s. (A30)

k=p+1
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Then, we deduce from the conjunction of Equations (A26), (A27), (A29), and (A30) that
1) = O@'™) + O/ /nlog(logn)) as. (A31)
Consequently, we infer from Equations (A23) and (A31) that for all x € R
0n(¥) = O™ + O /nloglogn)) as. as. (A32)
Finally, we can conclude from Equation (A3) together with Equations (A14), (A16) and (A32) that
dim /() =f@)  as.

with the almost sure rates of convergence given by Equations (12) and (13), which completes the proof of Theorem 3.1.

Appendix 3. Proof of Theorem 3.2

We already saw that (P,(x)) is a square integrable martingale difference sequence with predictable quadratic variation
satisfying

(P, 022 ,
nlirrolo e = 1+ah(€’x) a.s.

In order to establish the asymptotic normality of Theorem 3.2, it is necessary to prove that the sequence (P, (x)) satisfies
the Lindeberg condition, that is for all ¢ > 0,

n

1 P
P =z D BUAPKOPT p, 1 evammy 1] = 0, (A33)
k=p+1

where AP, (x) = P,(x) — P,—1(x). We have assumed that the sequence (¢,) has a finite conditional moment of order
b > 2 which means that

sup El|eal®|Fuoi] < +00  as.

n>0

Consequently, for all ¢ > 0, we have

n

1
Pa) < o D EUAPAI | Fia],

k=p+1
] n
< 55— > EIW @I F 1 Elel’| Fil,
€ n k=p+1
1 n
< —5—— sup Ellal’|1Fia] Y EIW.@)|Fi1] (A34)
ETINT | <k<n

k=p+1
where ¢ = b(1 4+ «)/2. In addition, via the same lines as in the proof of Equation (A10), we obtain that

> EIW W) | Fiil =

. g
nll>rgo m ) h(@,x) a.s. (A35)
k=p+1

1+ab—1
where
gb = / K’ (x) dx.
R
Therefore, we deduce from Equation (A33) together with Equations (A34) and (A35) that, for all ¢ > 0,

Po(x) = O@?) as.

where d = (2 — b)(1 — «)/2. We recall that b > 2 which means that d < 0. It ensures that the Lindeberg condition is
satisfied. Hence, it follows from the central limit theorem for martingales given e.g. by Corollary 2.1.10 of Duflo [13]
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that for all x € R,

P,(x) E o2
N =N (O, T ah(@,x)) . (A36)

Furthermore, as soon as a > 6 and % < o < 1, we clearly obtain from Equation (A32) that

On(x)
m —— =

n—00 \/pl+a

0 as. (A37)

Finally, we find from Equation (A3) together with Equations (A14), (A36), (A37) and Slutsky’s lemma that, for all x € R,

N E o212
by (F, () — £ () = N(o, m)

which achieves the proof of Theorem 3.2.
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